
HYDROSTATICS 



THE ALLAHABAD LAW JOURNAL PRESS, ALLAHABAD 
PRINTER—J. K. SHARMA 


PUBLISHERS 
KITAB - MAHAL 

j6/A, ZERO ROAD, ALLAHABAD 



HYDROSTATICS 

A TEXT-BOOK FOR THE USE 

OF 

B.A. AND B.Sc. STUDENTS 

OF 

INDIAN UNIVERSITIES 


By 

B. N. PRASAD 

Dr. es Sc. (Paris), Ph.D. (Liverpool), M.Sc., F.N.I. 
University of Allahabad 


KITAB-MAHAL 


ALLAHABAD 




PREFACE 


The necessity of a suitable text-book on Hydrostatics 
to meet the requirements of the B. A. and B. Sc. students 
of Indian Universities has long been felt. While some 
of the existing books on the subject are too advanced, 
others are below the standard, dealing with experimental 
parts in excessive detail and avoiding the elegant methods 
of the Calculus. The aim of this book is to supply this want. 

The book has been planned so as to cover the 
syllabus of the B. A. and B. Sc. Examinations of all 
Indian Universities. The topics common to the various 
syllabuses have been dealt with in the main body of the 
book. Two topics, namely ‘the determination of specific 
gravity,’ and ‘the stability of floating bodies,’ whose in¬ 
clusion in the prescribed syllabuses is not so universal, 
have been treated in the Appendices A and B 
respectively. My experience of teaching during the 
last twenty years has given me the impression that 
undergraduate students feel more at home with a text¬ 
book which does not contain here and there matter which 
may be considered superfluous for the preparation of the 
examination in view. The arrangement of the matter, 
as given in this book, will enable students belonging to 
most of the Universities to have the subject-matter of 
the prescribed syllabus treated in a continuous manner, 
from which they are not expected to omit anything subs¬ 
tantial for the purpose of a thorough preparation for 
their examination. 

Every care has been taken to present the matter in a 
clear and lucid style and to establish the propositions in 
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a 'perfectly logical manner. But keeping in view the 
class of readers for whom this book is intended, it has 
not been found advisable to sacrifice simplicity and 
directness for the sake of rigour and excessive refine¬ 
ments. Since the subject of the Calculus is every¬ 
where included in the B. A. and B. Sc. courses, no hesi¬ 
tation has been felt in making use of it whenever it was 
thought that with its help the results could be obtained 
more easily or expressed more concisely. This being a 
text-book, intended for class-use, several alternative 
proofs of some of the important theorems have also 
been given. It is believed that the historical and 
biographical notes occasionally given will be found in¬ 
teresting. 

To facilitate the use of this text-book the subject- 
matter of the various sections is indicated by side-headings 
in bold type, in which also are printed prominently impor¬ 
tant results and propositions. This plan will prove, 
it is hoped, particularly useful to students in their revision 
work. The book is profusely illustrated, there being 
more than a hundred diagrams in it. For ready reference 
and convenience, a list of important results relating to the 
mensuration of solids, centre of gravity and radius of 
gyration is given in Appendix C. 

The book contains an ample number of solved ex¬ 
amples, carefully selected to illustrate all important 
varieties of problems. The large number of examples 
included in the various exercises are well-graded. Of these 
some have been constructed, many have been selected 
from the Cambridge Mathematical Tripos, the exami¬ 
nations of the various Indian Universities and the Public 
Service examinations ; the rest are such as are common 
to practically all the standard books on the subject. In 
case of harder examples, hints for their solution are given. 



vii 


I am greatly indebted to my friends and former pupils 
Messrs. Nawa Nath Misra, M.A., P.C.S., and Nirvikar 
Satan, m.sc., Lecturer in Mathematics at C. C. College, 
Cawnpore. While the former has sorted and verified 
most of the examples, the latter, besides verifying the 
remaining examples, has given me the benefit of general 
consultation. My thanks are also due to my pupil 
Mr. Chandrika Prasad, m.sc., who has verified some ex¬ 
amples included in the Miscellaneous set My colleague 
Dr. Gorakh Prasad, d.sc., has all along helped me with his 
valuable criticism, suggestions and advice, and has gone 
through the proofs of the whole of the book. I am 
sincerely grateful to him for his generous assistance. 

Inspitc of careful printing and reading there may have 
remained some residual errors. All corrections and sug¬ 
gestions for improving the utility of the book will be 
gratefully received. 

University of Allahabad 
November, 1943 


B. N. Prasad 




CONTENTS 


Chap. Page 

I. Fluids and Fluid Pressure . i 

II. Theorems Relating to Pressure, Measure 

of Pressure and Whole Pressure .. .. 18 

III. Resultant Thrust on Curved Surfaces .. 45 

■ IV. Centre of Pressure .. .. .. .. 71 

• V. Equilibrium of Floating Bodies .. .. no 

VI. Gases .. .. .. .. .. .. 132 

VII. Machines Depending upon Fluid Properties 138 

Miscellaneous Examples .183 

Appendix 

A. Determination of Specific Gravity .. .. 194 

B. Metacentre and Stability of Floating Bodies 205 

C. Some Useful Geometrical Results .. .. 213 

Answers to the Examples .. .. .. 216 







HYDROSTATICS 


CH.A1 CTR I 

FLUIDS AND FLUID PRESSURE 

ri. Different States of Matter. Matter or sub¬ 
stance in nature may exist in the solid form as ice, iron, 
wood, and stone, or in the fluid form as water, oil, 
air and steam. If we take any portion of a solid body, 
we observe that it has a definite size and a definite shape 
which cannot be changed except by the application of a 
certain amount of force. Fluids, on the other hand 
are substances which flow or are capable of flowing. If we 
take a given portion of a fluid substance, such as water or 
air, we find that it possesses no definite shape and that it 
moulds itself to the form of the vessel in which it is 
contained. 

Fluids again are of two kinds, Liquids and Gases. 
A liquid, like water or oil, is a fluid which is incompressible, 
or very nearly so. Even with the application of an enor¬ 
mous amount of force, the volume of a given quantity of 
liquid can be changed only to a very slight extent, although 
any force, however small, would easily change its shape. 
On the other hand, a gas, like a ; r, is a fluid which is com¬ 
pressible, and a given portion of it can be made to 
expand indefinitely by increasing sufficiently the space to 
which it has access. Neither the volume nor the shape of 
a given portion of a gas is fixed, its volume and shape 
being always the same as that of the vessel in which it is 
contained. 
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l'll. The distinguishing characteristics of the three 
kinds of substances or states of matter, Solid, Liquid, 
and Gas may be roughly expressed as follows :— 

A solid has a definite si%e and a definite shape. 

A liquid has a definite si^e but not a definite shape. 

A gas has neither a definite si^e nor a definite shape. 

i-ia. By suitablt devices and changes of tcmpeiature etc., a 
substance cm be made to j ass fiom one of these thiee states to 
another. By mcreising the tempuiturc, a solid piece of ice can be 
melted into the liquid state as wiler, and the water again un bf 
evaporated into the gaseous state as stc im. By mcrea*- t.g the tempc 
rature sufficiently, a metal in the solid state can be mi ’ted and by the 
the application of mole intense heat, it can be tinned into gaseous 
state. A gas, like air, oxygen etc , can be reduced to a liquid state, 
and afterwards to the solid tate 

1*13. Hydrostatics is the branch of Mathcm .ties which 
deals mtb the conditions oj iquihlntim of mams of fluids and 
of solids in contact n$th them. 

1*14. The woid Hydiostattes s de.nedfioma Greek woid 
meaning the Statics ot ^atci. Archimedes (c 250 B.C) who discover¬ 
ed the method of testing the puiny of metal by weighing them in 
and outside watei, and extended those pttnetples to the equilibrium 
of floating bodies like ship etc., is con ideied to be the father of this 
science. He dealt with this subject in his woik—Ilegl tf’wvpevaiv, 
which, though now lost, is still presetved in its Latin version by 
Guillaume de Mocrbcck (1269), knovn as “De us quae vebuniur tn 
humdo.” This has been now translated into Fiench by Adtien 
Legrand and is entitled “Le tiaite des corps flottants d’ Archimide,” 
1891. 

The principles and applications of pneumatic machines were 
developed by Ctesibius of Alexandria, his pupil Hero (B. C. 120), and 
by Vitruvius, Frontinus (A. D. 100) and others. Substantial advance 
in the theory of Hydraulics was made by Toincelh (1643), the in¬ 
ventor of the barometer. 

In the writings of Stevinus of Bruges (c. 1600 A. D.) several 
basic theorems of this science may be found explained and enunciat- 
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ed ; but it is generally accepted that the modern exact theory of Hy¬ 
drostatics is due tff Blaise Pascal (1623-1662) who in his two treatises 
“TraiU de V equilibre des liqueurs” and “Train de lapesanteur de la masse 
de Pair”, clearly enunciated and illustrated for the first time the 
fundamental principles of the subject. 

The elastic properties of gases were inrestig.iied and developed 
among others by Boyle, Maiioite, Cl1.11 les and Gay Lussac. The 
fundamental principles having been thus established, the subject 
was subsequently lefined and eonipletid bj Neulon, Cotes, Ber¬ 
noulli, d'Alembeit and other ni'thtmatici.ms of the .Kill cf-ntuty. 

I-I5. Perfect Fluids. We have seen that fluids 
are of two kinds, liquids and gases. There is a certain 
property which is common to most of these substances 
whether they be liquids or gases. This property con¬ 
sists in the mobility of their particles and in the ease 
with which portions can be separated from masses of 
fluids. If a thin plate or lamina be immersed edgeways 
through water, the resistance to its motion in the direction 
of its plane, i.e., force of the nature of friction, is so small 
that for all practical purposes it may be considered to be 
negligible. This leads us to suppose the existence of 
a fluid which is absolutely incapable of exerting any 
tangential action of the nature of friction between its 
different portions. 

i. 

In nature, however, no such fluids are to be found 
which are wholly devoid of exerting tangential resistance. 
If water in a cup be set revolving, we know that after some 
time it will come to rest. This is due to the factional 
resistance between the water and the cup and between 
different portions of water, for had this tangential resis¬ 
tance been entirely absent, the water would go on revolving 
and would not come to rest. But just as from the exis¬ 
tence of nearly rigid bodies in nature, we arc led to sup¬ 
pose the existence of perfectly rigid bodies and from the 
behaviour of nearly smooth bodies we postulate the exis- 
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tence of perfectly smooth bodies, similarly from the 
extreme smallness of tangential action offered by fluids, 
we postulate the existence of a hypothetical fluid which is 
wholly incapable of exercising any tangential force and, 
therefore, the only action that it can exert will be along 
the normal to the surface Such an ideal fluid will be called 
a perfect fluid and its fundamental property may be stated 
as follow s:— 

A Perfect Fluid is a substance which is incapable of exert¬ 
ing any tangential forte; the only direction along which it can e\ert 
an action will he along the normal to the surface with which it is 
in contact. 

The postulation of a perfect fluid greatly simplifies the 
mathematical discussions connected with the phenomena 
of fluids. Throughout this book we shall be dealing with 
fluids which are perfect in the above sense. 

i-16. Viscous Fluids. As has been remarked al¬ 
ready, no fluid in nature is perfect. Some fluids like water 
and alcohol change almost instantaneously their shape 
under the action of a force, while there are some like 
treacle, honey and tar which offer appreciable resistance to 
forces tending to alter their shape and for which time is 
necessary before an appreciable change of shape occurs. If 
we take two glasses of the same shape and size filled with 
water and treacle and pour their contents on two large flat 
dishes, it will be observed that water pours out much more 
quickly than treacle. Again, the poured out water will 
adapt itself at once to the shape of the dish, but the treacle 
will first appear in a sort of heap which will gradually 
get flattened out and then cover the dish ultimately. 
Fluids in which internal forces of the nature of friction 
come into play to retard the relative motion of their 
particles are called viscous fluids. But even a very viscous 
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fluid will ultimately yield to a force, however small, if 
that force acts for a sufficiently long time. 

It must be noted that viscosity manifests itself only 
when the fluid is in motion. In the case of a mass of fluid 
at rest, viscosity does not come into effect. 

1*2. Fluid Pressure. Suppose a vessel with a 
horizontal base and vertical sides, is full of fluid, say water. 
If a hole be made in the base or in the 
side, and the hole covered witii a plate 
which fits it exactly, we know that the 
plate will remain in position at rest only 
when some external force is applied to 
it. The fluid must, therefore, be exerting 
some force on the plate. If P be the 
amount of the force necessary to be applied to coun¬ 
terbalance the action of the fluid, then P is the measure of 
the fluid pressure on the whole area of the plate or the 
fluid thrust on that area. 

In order to obtain the fluid pressure over an area 
round a point R within the fl'{id, suppose a rigid plate of area 
a placed so as to contain the point R. Now imagine that 
all the fluid is removed from one side of the plate and 
then a force of j2 units is required to be applied to keep 
the plate at rest. Then would be the measure of the fluid 
pressure over an area a round the point R within the fluid. 

If the fluid pressure be the same for each equal element 
of the area, as it would be when the elements of area are 
taken over the horizontal base of the vessel, the pressure 
on the area is said to be uniform. On the other hand, if 
the fluid thrust is not the same on different equal portions 
of area, as, for instance, on the vertical side of the vessel, 
the pressure is said to be varying or non-uniform over that 
area. 
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x*2i. Pressure at a point. If the fluid pressure be 
uniform over an area, the term pressure at a point is used 
to express the pressure per unit area. Thus if P be the 
measure of the uniform pressure over the area A, then 
P/A stands for the pressure at a point over that area. 

In case the pressure be varying, we may consider a 
small element of area a enclosing a point. If p be the fluid 
pressure omr this area a, then the limit of p/a, as a tends to 
■^ero, is drfnea to be the pressure at that point. 

Fvidcnf lv this mode of defining the pressure at a point 
is app’icablc to the first case also when the pressure is uni¬ 
form, and consequently the above may be taken to be the 
general definition of the term pressure at a point. 

i - 2ii. Mean Pressure. The above expression p/a 
is termed the mean or average pressure, so that the 
mean pressure on a siren pi me area is the uniform pressure which 
would produce the same resultant thrust on that area as the actual 
total pressure. 

The idea of the pressure at a point may now be expressed 
in terms of the mean pressure as follows:— 

The pressure at a point of an area is the limit of the 
mean pressure on a small area enclosing the point as the area 
is diminished indefinitely. 

If p denotes the pressure at a point, dA a small element 
of area surrounding that point and p-fdp the mean pressure 
over the area dA, where dp tends to zero with dA, then 
the fluid pressure over the element of area dA is given by 
(pf-dp/dA. This may be taken to be pdA, correct to small 
quantities of first order. 

i-22. Equality of Pressure in different direc¬ 
tions. Making use of the fundamental property that die 
pressure of a fluid is alwavs normal to the surface with 
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which it is in contact, the following proposit'on will be now 
proved:— 

The pressure at a point of a fluid at rest is the same in 
all directions. 

Let 0 be any point in the fluid. Taking OA, OB, OC 
mutually at right angles, consider the 
mass of the fluid in the shape of a 
small tetrahedron OABC with three 
mutually perpendicular faces OBC, 

OCA and OAB. 

Let Pj, P denote the mean pres¬ 
sures across the faces OBC, ABC R 
and p u p the pressure at the point O normal to these two 
faces respectively. Let 0 be the angle between ABC and 
BOC, i.e., between OA and the perpendicular to ABC. 
The triangle BOC being the projection of the triangle 
ABC on the plane BOC, we have 

/fBOC — ABC cos 0 . . . . (i) 

Supposing the fluid is subject to an external field of 
force* whose effect can be measured as so much force per 
unit mass, the forces acting on the mass of the fluid in the 
tetrahedron are the following:— 

(i) The resultant of the system of external forces acting 
on the fluid. If gravity be the only external force, then 

* Those v lio ha\ e studied Physics must be familiar with the 
phenomenon that a magnet exeits on othet magnets, in the space 
around it a forct of atuaction ot icpulsion which varies invcisclyas 
the square of the distance fiom the magnet. Again, there may exist a 
centre of attiaclion, which ixcits on all panicles of matter around it a 
force proportional, say, to the cube of the distance, or in fact, a force 
governed by any other law. 

Such forces which ate piesent in a ccttain region aie said to cons¬ 
titute what is known as a field of force. 

There may be vauous types of souices to produce a field of 
force. Gravity itself is an example of a field of force in which each 
particle is attracted towaids the centre of the eaith with a force pro¬ 
portional to the mass of the particle. 


C 
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this will be the weight of the tetrahedron of fluid. In 
every case this resultant being proportional to the mass 
of the fluid, may be taken proportional to its volume. 
Let the component parallel to OA of this resultant of e?c- 
temal forces be represented by 

K . volume OABC = K. {. OA.OB. OC, 

= K. iOA. AOBC. 

(2) The fluid thrust on the face OBC which is 
Pi • l\OY>C along OA. 

(3) The thrust on the face ABC which is P . /\ABC 
acting normal to the face A BC. 

(4) The thrusts on the faces AOB and AOC which are 
both normal to OA. 

The mass of the tetrahedron of fluid being in equili¬ 
brium, by resolving parallel to OA we get 

P r A OBC- P./\ABC. cos 0 -f K. J OA.AOBC = o, 
or (P 1 - P).AOBC -f \ K.OA.AOBC =---- o, 
or P, - P -f i K.OA = o ... (2) 

Now let OA, OB, OC diminish indefinitely so that the 
tetrahedron dwindles into the point 0 and the mean pres¬ 
sures P x and P become pressures b x and p respectively at 
the point O. Applying this limiting process, we, therefore, 
get from (2) that p y = p, that is, the pressure at O along 
OA is equal to the pressure at O perpendicular to ABC. 

In a similar manner it can be shown that p is equal to 
the pressure at 0 along OB or OC. By varying the relative 
magnitudes of OA, OB and OC, it can be shown that this 
equality of pressure will continue to hold whatever be the 
direction of the plane ABC, i.e., whatever be the direction 
in which p is taken at 0 . This proves the proposition. 

1*23. Dimensions of pressure. Pressure at a point 
being force per unit area, its dimensions in terms of the 



9 


1*24] TRANSMISSIBIL1TY OF PRESSURE 

fundamental units of mass, length and time are 

MLT- 2 jU = ML-'T-K 

1-24. Transmissibility of Liquid Pressure. An 
important principle, known as Pascal’s law, may now be 
stated as follows:— 

An increase of pressure at any point of a liquid at rest 
under given external forces is transmitted without change to 
every other point of the liquid. 

The truth of this principle is usually demonstrated 
experimentally, but a theoretical proof also can be given 
as explained below. 

Let A, B be any two points in the liquid. 

Case I. When the straight line joining A, B lies entirely 
in the liquid. 

About the straight line AB as axis construct a cylinder 
of small cross-section a with plane 
ends at right angles to AB. This 
cylinder of liquid is in equilibrium 
under the following forces:— 

(1) The thrusts pa and p'a on the 
plane ends at A and B where p and 
p' denote the pressures at A and B 
respectively. 

(2) The thrusts on the elements of the curved surface 
of the cylinder which must be perpendicular to AB. ‘ 

(3) The resultant external force on the liquid whose 
component along AB may be represented by, say, or. 

Now resolving these forces along AB, we have 
pa — p'a + 0=0, 

p' — p = ~ = a constant. . . (v) 



or 
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This shows that any increase of pressure at A must 
be accompanied by an equal increase of pressure at B, for 
then only the equation (y) will continue to hold true. 

Case II. When the straight line joining A, B is not 
entirely in the liquid. 

Join A, B by means of a series of straight lines AP, 
PQj QR, RB, each of which lies entirely in the liquid. 

Now by the case I, we have the 
additional pressure at A — the addi¬ 
tional pressure at P = the additional 
pressure at £) — the additional pres- A 
sure at R = the additional pressure 
at B. 

I ’ z 5 - Bramah’s or Hydraulic Press. The foregoing 
principle of the transmissibility of pressure is utilised 
in a very useful mechanical contrivance called a hydraulic 
press or Bramah’s press. The object of this machine is 
to get a comparatively small force to manifest itself into a 
largely multiplied one. 

Essentially the apparatus consists of two vertical 
cylinders communi 
caring with each other 
neat their bases; one 
of the cylinders is of 
a much wider cross- 
section than the other, v' 

The cylinders 
are closely fitted with 
water-tight pistons A 
and B, the cross-sec¬ 
tions of which are, 
say, x and X respectively. 

Suppose a downward force p is applied by the piston 
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A. This will create an additional pressure pjx per unit 
area which, by Pascal’s law, will be transmitted to every 
part of the liquid. Consequently the resulting upward 
thrust on the second piston will be 

P — Xp x , 

which shows that the thrusts on the two pistons are pro¬ 
portional to their cross-sections 

We see, therefoic, that by suitably adjusting the ratio 
of the cross-sections of the two cylinders, any force, how¬ 
ever small, mav be made to support any weight, however 
large. This is sometimes described as a ‘ hydrostatic paradox .’ 
We must note, however, that in practice this multiplication 
is limited by the fact that the sides of the vessel cannot be 
strong enough to support an indefinitely great amount 
of pressure that might be put upon them. 

r»5i. Example. In a lb amah's pi ess the diameter of the larger 
piston is 20 inches and that o' the smaller one is z • 5 inches. What force 
mustbi applied to the smaller piston to raise a uupit of 1000 tons at the 
other piston ? 

Let P lbs. wt. be the '.quircd foice to be applied to the smallu 
piston. The picssuit induced pa l cj. inch is 
P Jt(i '25)" Hi . ivt. 

The largei piston can lift a wught 

— Jt( 1 o) 2 . P n( 1 2j) 2 lbs. ut. 
iooP/(t z^) 2 — 1000x2240, 
or P - 15*625 tons \ceight. 

1*3. Density. The masses of equal volumes of 
different substances may be compared in terms of density 
which is defined as follows:— 

The Density of a homosencous substance is the mass op 
unit volume op that substance. 

A substance is said to be homogeneous if equal volumes 
taken from any part of it have always equal masses, other¬ 
wise the substance is called heterogeneous. 
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The mass of a cubic foot of water at temperature 
4°C. (when a given quantity of water occupies the least 
volume) is approximately 62 42 5 lbs. For rough calcula¬ 
tions the density of water may be taken to be 1000 07. or 
62 5 lb. per cubic foot. The gramme having been chosen 
to represent the mass of a cubic centimetre of water at 
4°C., the density of water is 1 in the metric system. 

1*31. Weight in terms of Density. If W be the 

weight of a given substance in poundals , q its density in lbs. per 
cubic foot, V its volume in cubic fe i t , and g lie aicel mtion due to 
gravity in foot-second unit*, then 

r=g Q v. . (1) 

For, if M be the mass of the substance, we know that 

I V^Mp. 

Now, C incc 

At- mass ot V cubic ftct of substance, 
— V/ mass of one cubic foot, 

V Q , 

we have 

If =>qV. 

A similar lcsult will be true if the units be taken in 
C. G. S. system. 

1 ' 4 * Specific Gravity. Quite often we are not con¬ 
cerned with the actual masse s of un’t volumes of substances 
but only with the relative masses or the relative weights of 
equal volumes of two substances. In order to express 
this relation the term specific gravity (or written in a 
shortened form sp. gr.) is introduced whose formal 
definition is given below. 

The Specific Gravity of a substance is the ratio of the 
weight of any volume of that substance to the might of an equal 
volume of some standard suhst wee. 
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For the sp. gr. of liquids the standard substance is 
usually taken to be pure water at a° C. temperature, where¬ 
as for gases, air L generally used as the standard substance. 

Since the weights of substances are proportional 
to their masses, it follows that the specific grarity of a subs¬ 
tance is the ratio oj its density to that of the s/ tndard wbstance . 
For this reason the specific giavify of a substance is some¬ 
times called its “ relative we/ebt” or its “ relative density” 

It must be noted that density being mass per unit 
volume, its dimensions arc expicssed bv AIL- 3 whereas 
specific gravity, since it denotes ratio of two weights, has 
no dimensions; it is simply a number. 

i"4i. Weight in terms of Specific Gravity. Jf W 

denotes the weight of a volume V of a substance whose specific 
gravity is s, and w be the weight ot a unit volume of the stan¬ 
dard substance , then 

W —V s.w . (i) 

^ wt. ofa unit volume of the substance 

wt. of a unit volume of the standard substance 
/. wt. of a unit volume of the substance = s.w. 

wt. of V units of volume of the substance - V.s.w. 

Hence, W — V.s.w. 

Note. The terra “intrinsic weight” or “specific weight” is 
sometimes used foi s. w, that is, for the weight of a unit volume of 
the substance. 

i'5. Specific Gravity of Mixtures. 

(1) To find the specific gravity of a mixture of different 
substances of given volumes and specific gravities. 

Let 1 /j, V 2 , V 3 , .be the volumes of the different 

substances, and s v s 2 , s 3 , .their specific gravities. Then 

assuming the volume of the mixture to be the sum of the 
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VOlumeS of its constituents; the weight of the mixture 
by 1*41 (1) is 

(V, + V 2 + V 3 -i .• (1) 

where s denotes the specific gravity of the mixture and & 
the weight of a unit volume of the standard substance. 
But this must be equal to the sum of the weights of the 
constituents of the mixture, viz., 

V 3 Sr,1i' - . (2) 

Now equating (1) and (2) and cancelling the factor w, 
we get 

_ V x s x -|- V» s 2 -) V 3 s 3 ) . / \ 

Ki-fKj+K,, . • ’ • ™ 

In case the mixture has a volume V’ different from the 
sum of the volumes of its constituents, then the cor¬ 
responding formula for the sp. gr of the mheture is given 
by 

_ Vi J i + V> -I- Vgfn ! . / \ 

s — j,, ... 14; 


(II) To find the specific gravity of a fixture of different 
substances of given migi !s and specific gravities. 

Let Wj, W\, .be the weights of the different subs¬ 
tances, Jj, s.„ .their specific gravities, and w the weight 

of a unit volume of the standard substance. Then by 
1*41 (1), their respective volumes will be' 

W x JV 2 

SytV ’ S.W ’ 

Tf the volume of the mixture is the sum of the volumes 
of the component parts and if s denotes the sp. gr. of the 
mixture, then the weight of the mixture is 
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This must be equal to the sum of the weights of the subs¬ 
tances of which the mixture is made, vi?., 

W 1 + W i + .... ... (6) 

Equating (5) and (6), we get 


r, + W, 


( 7 ) 


W l! s 1 + 1 K'r 3 +. ' ' 

The above formula can he suitably modified if there 
is any change in the total volume when the mixture is 
made. 


1*51. Density of Mixtures. If the densities instead 
of the specific giavities of the (Efferent substances are given, 
formulae analogous to those established in 1*5 can be easily 
obtained for the density of the mixture. 

i-6. Illustrative Examples. (1) If a volume of 10 cm. of a liquid 
of density o' 8 grammes per c. cm. be mixed with 15 c. cm. of a liquid 
of density o' 6 giammes per c.cm., find the density of the mixture. 

Let 0 be the density 01 the mixture. Then 

(10 + 15)0 -- (10 X o' 8 ) + (15 X o 6 ), 
or 250 - 17, 

or 0 = — o'68 (giammes per c.cm.). 

(11) 10 lbs. weight of a liquid of specific grauty 1 ' 25 is mixed with 
6 lbs. weight of a l,quid of sp. gi . 1*15. What is the sp.gr. of the mix¬ 
ture ? [Calcutta, 1937] 

If w be the weight of a cubic foot of water, the volumes of the 
two liquids are 

10 r . 6 , 

-c. ft. and — - c. ft. 

1*25 x w 1'15 X w 

respectively. 

Now if s represents the sp. gr. of the mixture, we have 

< -—— d- — - } sw = total weight 

1-25 X W I'lJ X W’ 6 

= 10 + 6, 
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1 6 


Ot 



or 

or 


( l + \\) s==z > 


s = 


2 X 23 _ 23 


38 


= — I 2105. 
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(ui) alloy of %inc of sp. gr. 7 2 copper of sp. gr. 8 95 has 
a mass of 467 grammes. Its volume is 60 c cm. Find the volume of 
each component. 

Let v 1 c.cm. and v t c.cm. be the volumes of the zinc and copper 
respectively. Then since the sp. gr. of a substance is given by the 
ratio of the mass of a unit volume of the substance to the mass of a 
unit volume of water, the masses of copper and zinc arc 7 zXv t 
grammes and 8’95 Xt>* grammes respectively. 


We have now t 1 +*'* = 60, 

7 **1 + 8 951* = 467- 
Hence, solving these equations, 

1 7j v x = 70, 

or r* — 40 c. cm., 

and Vi — 20 c. cm 


Examples I 

1. In a Bramah’s press the diameters of the larger and smaller 
pistons are 50 cm. and 4 cm. respectively. Find the mass which 
can be supported by a kilogiam placed on the smaller piston. 

2. In a Biamah’s picss the piston can safely bear a pressure of 
1200 lbs. wt. per sq. foot. What will be the greatest weight that 
can be placed on the smallci piston, its cross-section being j sq. inch 5 

3. A cylindrical pipe which is filled with water opens into 
another pipe, the diameter of which is three times its own diameter; 
if a force of 20 lbs. wt. be applied to the water in the smaller pipe, 
find the force on the open end of the larger pipe, which is necessary 
to keep the water at rest. 

4. If the sections of the cylinders of a Bramah press be 18 
square inches and 1 sq. foot itspectively, what pressure must be 
applied to the smaller cylinder to produce a pressure of two tons upon 
the larger ? 
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5. In a Bramah’s press a total pressure of x ton is produced 
when a pressure is applied to the smaller piston by means of a force 
of j lbs. placed at the end of the lever. If the diameters of the pis¬ 
tons are as 8 :1, find the ratio of the arms of the lever employed to 
work the piston. 

6 . A vessel full of water is fitted with a tight cork. How is it 
that a slight blow on the cork may be sufficient to bleak the vessel ? 

[C 7 . P. C. S. 1940] 

7. The sp. gr. of cork being o • 24, find the volume of water that 
weighs as muen as a cubic yard ot cork 

8. Find the sp. gr. of an alloy of gold and copper made in the 
ratio 5 : 2, their sp. gr. being 19‘4 and 8 84 respectively. 

9. Two metals of which the specific gravities are ix‘22 and 
7'2j, when mixed in certain proportions without condensation form 
an alloy whose sp. gr. is 8‘72; find the proportion by volume of the 
metals m the alloy. 

10. Two volumes of sp. gravities s and / and of volumes v and 

if, having been mixed, the sp. gr. of the mixture is found to be o. 
Find the volume of the mixture. [M. T.] 

xx. Three pints of a liquid whose sp. gr. is 8 are mixed with 
j pints of another liquid whose sp. gr. is 1 "04. Find the sp. gr. of 
the mixture if there is a contraction of 5 per cent on the joint 
volume. 

12. When equal volumes of two substances arc mixed, the sp. 
gr. of the mixture is 4; when equal weights of the same substances 
are mixed, the sp. gr. of the mixture is 3. Find the sp. gravities of 
the substances. [Calcutta, 1938] 


2 



chapter ii 


THEOREMS RELATING TO PRESSURE, 

MEASURE OF PRESSURE AND WHOLE 
PRESSURE 

a* i. Fluid at rest under gravity. A mass of fluid 
may be kept in equilibrium by a variable field of force. 
In this and succeeding chapters, however, we shall be 
mainly concerned with the special case when the field of 
force is uniform and is produced by gravity alone. Hence, 
unless stated to the contrary , we shall assume that the only exter¬ 
nal force acting on the mass of fluid to be considered is its weight 
due to gravity. 

When we want to specify that even gravity is not 
acting on a body or liquid, we call it a light body or liquid. 
When, on the other hand, we want to make it pointedly 
clear that gravity is acting, we say that the body or liquid 
is heavy. * 

2*2. Equality of Pressure at all points in a 
horizontal plane. The pressure in a mass of fluid at rest 
under gravity is the same at any two points in the same 
horizontal plane. 

Let A,B be any two points in the same horizontal 
plane. Join A> B and let us 
suppose that the straight line 
AB lies entirely in the fluid. 

About AB as axis let a 
cylinder of small cross-sec¬ 
tion be constructed with its 
plane ends perpendicular to AB. 
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The only forces acting on the cylinder parallel to 
AB ate the two thrusts at the plane ends A and B; for 
the other forces, viz., the thrust on the curved surface 
and the weight of the cylinder of fluid are perpendicular 
to AB. The cylinder of fluid being in equilibrium, the 
thrusts at plane ends A and B are equal. Since the 
areas of plane ends at A and B are equal, the mean pres¬ 
sure at A is equal to the mean pressure at B. Now 
supposing the cross-section of the cylinder to dimi¬ 
nish indefinitely, we get 

pressure at A= pressure at B. 

In 2*32 it will be shown that the theorem is true even 
if the straight line AB does not lie entirely in the fluid. 

2*3. Pressure in heavy homogeneous liquid. 

In a homogeneous fluid at rest under the action of gravity, the 
difference between the pressures at two points varies as the 
difference of the vertical depths of these two points . 

Let A, B be any two points, and let us consider two 
cases. 

Case I. When the straight line AB is vertical and 
lies entirely in the fluid. 

About AB as axis describe a cylinder of small cross- 
section a with plane horizontal ends at 
^4 and B. Let p and p’ denote the 
pressures at A and B respectively, h 
the vertical distance between A and B 
and w the weight of unit volume of the 
fluid. 

The vertical forces acting on this 
cylinder of fluid are its weight haw 
acting downwards, the thrusts of the 
surrounding fluid at its plane ends 
which are pa acting upwards at A and 
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p'a acting downwards at B. Since the cylinder of fluid is 
in equilibrium, we get on resolving vertically 
pa — p’a — haw , 

or p — p' — hw. . . . . (x) 

Case II. When the straight line AB is not vertical 
and does not lie entirely in 
the fluid. 

Let the points A, B 
be situated in the fluid as 
shown in the figure. 

Let A\ B' be two 
points in a horizontal line 
vertically below A, B. 

Now, by case I, 

pressure at A* — pressure at A = AA’.w, 
and pressure at B ' — pressure at B — BB'.w. 

But A ' and B' being in the same horizontal line, the 
pressures at A’ and B' are equal. Hence 

pressure at B — pressure at A — (AA' — BB*) w, 
which varies as the difference of depths between B and A. 
The proposition is, therefore, completely proved. 

2*31. Difference of pressure in terms of weight. 

Since hw represents the weight of a cylinder of fluid of 
unit cross section and of height equal to the vertical 
distance between A and B, the foregoing proposition may 
be also stated as follows :— 

The difference of pressure between any two points in a fluid 
is equal to the weight of a cylinder of fluid of unit cross section , 
and of height equal to the distance between those two points. 

It may be noted that the above is true even if the fluid 
be not homogeneous. 

2*32. Extension of the theorem of 2*2. It can now 
be easily seen from the foregoing theorem that the pressures 
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at two points A and B in the same horizontal plane are 
the same even when the straight line joining A, B does not 
lie entirely in the fluid. For, if A and B are in the same 
plane, the difference between their depths being zero, the 
horizontal pressure at A is equal to the pressure at B. 

Similarly it can be demonstrated that the proposition 
is true for any two 
points in the same 
level even when to 
join them, as is 
shown in the adjoin¬ 
ed figure, a series of 
straight lines is re¬ 
quired each of 
which lies entirely 
in the fluid. 

Thus for a fluid at rest under gravity , horizontal planes are 

surfaces of equal pressure. 

2'4. Surfaces of equal density. In a fluid at rest 
under gravity , the densities at any two points in the same 
horizontal plane are equal. 

Let A, B be two points in the same horizontal plane 
and A', B' be two points 
vertically above at a very 
short distance, so that A A' 

= BB\ 

The pressures at A and KT-C-Z. 
jB being equal, let each bede- ~ 

noted by p ; similarly, let the pressures at A' and B' be each 
p\ Let the mean values of the densities between A and 
A’ and between B and B' be denoted by and q 2 respec¬ 
tively, so that die limiting values of and q 2 represent the 
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densities, at A and B respectively when AA' and BB' are 
indefinitely diminished. 

Now by 2*3 (i), we have 

p-f =£q v AA', 

and P~P' =^ 2 - bb '- 

Hence 

g q v AA' —gQ. 2 .BB', 
and since AA' = BB', we get 

, Ql ~ ® 2 > 

which proves the proposition. 

Thus we find that in a fluid at rest under gravity hori¬ 
zontal planes are surfaces of equal pressure and equal 
density. 

2*5. Surface of separation a horizontal plane. 
From the foregoing proposition the following can be de¬ 
duced:— 

The surface of separation of two fluids of different densities, 
which do not mix and are at rest under gravity, is a horizontal 
plane. 

Let AB represent the surface of separation of two 
liquids which are at 
rest under gravity and 
do not mix. If AB be 
not horizontal, let it be 
intersected by a hori¬ 
zontal line CD. Then 
C and D being in the 
two different liquids* 
the densities at C and 
D will be different; but this will be contradictory to the 
proposition of 2*4. Hence, the surface of separation AB 
is horizontal. 
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2*51. Free surface of a liquid. As a particular case 
of the above, let us consider a liquid in contact with at¬ 
mospheric air assuming that both the liquid and the air are 
at rest. Then it follows that the free surface of the liquid 
which is the surface of separation of the two fluids, must be hori¬ 
zontal. 

Note. In the preceding proofs it has been assumed that the 
weights at different points of the fluid act vertically downwards in 
parallel directions. This will not bi so if the surface of the fluid 
be large and comparable with the earth in size. Accordingly, the 
theorem just deduced will not be applicable to the free surface of the 
sea, which may no. be plane. 

2*52. Water finds its own level. The law that the 
free surface of a liquid at rest is horizontal is often popu¬ 
larly expressed by saying that “water finds its own level.” 
The implication is that when two vessels containing the same 
liquid, but of different depths, are put in communication 
with each other, the liquid c in the two vessels readjust them¬ 
selves in such a manner that the free surfaces of the liquids 
in the two vessels form parts of the same horizontal plane. 
It follows similarly that if a homogeneous liquid at rest 
under gravity has a number of isolated surfaces in contact 
with the same atmosphere at rest, the free surfaces must 
all lie in the same horizontal plane. 

This property of liquids is utilized in various ways. 
Upon this depends the possibility of supplying water to a 
town by means of closed pipes from a water reservoir cons¬ 
tructed at an elevation. The water communicated through 
pipes will always rise to the level of the surface in the reser¬ 
voir if free to do so. 

2-53. A characteristic of fluids. It is characteris¬ 
tic of fluids that when two fluids which do not mix, remain 
in contact in stable equilibrium, the fluid of lower density 
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occupies the upper position while that of greater density 
comes lower. In case there be more than two fluids which 
do not mix, then the position of the strata of these various 
fluids from the top will be in the order of their increasing 
densities. 

2*6. Measure of Pressure. We have seen that the 
free surface of a liquid exposed to the earth’s atmosphere 
is horizontal. The atmosphere produces on this exposed 
surface a pressure which, though slightly varying, may be 
roughly taken to be 14-5 lbs. per square inch. 

In 2*3, if B be taken to be a point in the free surface of 
the liquid and if II denote the pressure due to the atmosphere 
at B, then from 2-3 (1), we have for pressure at A 

p = II + W. .(1) 

If there is no atmospheric pressure, or if the atmos¬ 
pheric pressure be neglected, then 

p — hw. .(2) 

2*61. Pressure at a point in the lowest layer of 
different fluids. Suppose we have a number of layers 
of different fluids which do not mix and we want to find 
the pressure at a point situated in the lowest of them. 

For the sake of simplicity, let there be two liquids, the 
weight of unit volume of the lower and upper liquids being 
v and w’ respectively. 

Suppose A is a point in the lower liquid. From A 
draw a vertical line 
ABC such that B is a 
point in the common 
surface of the two 
liquids and C in the 
free surface of the 
upper liquid exposed 
to the atmosphere. Let 
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AB = h and BC — h\ and suppose p and p* denote the 
pressures at A and B respectively and II the atmospheric 
pressure at C. 

Now, by 2’3 (1), we have 

p = p' -\ htv. 

But since from 2-6 ( 1), p' — II + £V, we get 

p =-= II 4- h'v/ + hw.(1) 

Proceeding in a similar manner the result (1) can be 
extended to the case when over the point A there is a 
number of layers of different liquids which do not mix. 
Proceeding from the free surface to the point A, if there 

be n liquids of intrinsic weights w 2 . w n , and of 

depths b v h 2 , . h n respectively, then the pressure p at 

the point A is given by 

p = 11 + hjWj -l- h 2 w g +.+ h„w n . . . ( 2 ) 

If there be no atmospheric pressure, then the result 
(2) will become 

p =_ hjWj -r h 2 w 2 I-.+ h n w B . ... (3) 

The above results are obviously true also for gases, 
provided there is no mixing among the various gases. 
But gases generally mix with comparative ease on account 
of diffusion. 

2*62. Effective Surface. We have seen in 2 -6 (i) 
that the pressure at a depth h of a liquid whose free sur¬ 
face is exposed to the atmospheric pressure is given by 
p = II q- bn>, .(1) 

where II denotes the atmospheric pressure and w the weight 
of unit volume of the liquid or its intrinsic weight. If we 
imagine the atmosphere to be removed and a stratum of 
the same liquid of thickness II/&' (= f/) to be placed above 
the original liquid, then the pressure at a depth h in the 
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liquid is given by (ft -f- h)w which is the same as (i). This 
may be regarded as pressure at a depth h + V of the liquid, 
the atmospheric pressure being zero. 

The upper surface of the supposed superimposed liquid of 
thickness it is termed the Effective Surface, or surface of 
zero pressure. 

We see, therefore, that the pressure at any point in a 
liquid is proportional to its depth below the effective sur¬ 
face. 


2*63. Head of liquid. When we say that the pres¬ 
sure at a point is due to a head of k feet of liquid, the mean¬ 
ing is that the pressure at that point is the same as if the 
effective surface were k feet above it. 


The atmospheric pressure is roughlv taken to be that due to a 
head of 34 feet of water 01 30 inches of mercury. 


27. Illustrative Examples. (1) Find the depth in water at which 
the pressure per sq. tnch ts 140 lbs., assuming 4 be atmospheric pressure to be 
15 lbs. per sq. inch and the weight of one cubic jtot of water 1000 o%s. 

The weight of 1 c. ft. of water bung 1000 02s, the weight of 
1 c. inch is 

1000 1 .. 

—, X — ■ lb. 

16 12x12X12 


Now, if x ft. be the depth of water where the piessuie is equal 
to 140 lbs. per sq. inch, we have from 2-6 (1) 


IJ + I 2 XX 


1000 

= 140, 

12X12X12X16 


or 125x12x12x16 ft> 

1000 

=288 ft. 

(11) In a U-tube of uniform cross-section there is some mercury; n ater is 
then poured into one limb and it occupies a length of 9 inches. If the sp. gr. 
of mercury be taken to be 13'5, find the distance through which the mercury 
level in the other limb is tatsed. 



27] 


ILLUSTRATIVE EXAMPLES 


*7 

Let A, B denote the initial levels of mercury in the two limbs 
of the tubs; they must be in the same horizontal 
plane. When water has been poured in, suppose 
the mercury level in the left limb sinks from A 
to A' and that in the right limb is raised from B 
to B'. The tube being of uniform corss-section, 

AA' must be equal to BB'. Suppose DA' is the 
length occupied by water. In the right limb let 
C be a point in the same horizontal level as A'. 

If II represents the atmospheric pressure, 
since the pressures at A! and C, being in the same horizontal plane, 
are equal, we get 

Ii+DA’xw=Il+B'Cx. 13 % $w, 
or DA'~jy }xB'C. 

But since BB'~AA'~BC, we have B'C—zBB', and DA '—9 inches. 
Hence 

9—13-5 XzBB', 

or inch. 

(iii) In a uniform circular tube two liquids are placed so as to sub¬ 
tend 90° each at the centre. If the diameter joining the two free surfaces be 
inclined at 60 0 to the vertical, proi e that the densities of the two liquids are as 

Vj+i \Ji —*• 

Let A and B be the surfaces of the two liquids of densities Q and 
a respectively and C their meeting point, 
so that L AOC -fBOC = 9 o°. The 
diameter AOB makes with the vertical 
an angle AOD— 6 o°, 

Draw BB', AA', CC' perpendiculars 
to the vertical diameter, of which D is 
the lowest point. 

The pressure at the point D due to 
the liquid in AD is by 2^62 (2) 

A'D.Qg .(1) 

Also the pressure at the point D when considered due to the two 
liquids in DB, is given by f 6 x (3) 

C'D.Qg + C'B'.og. .( 2 ) 

But since the pressure at D is the same whether considered from 
the left or from the right side, we get on equating (1) and (2) 
A'D.Qg = C'D.Qg -}- C'B'.og, 




comp 
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ot 

or 

or 

or 


q.A’C = a(OB' + OC'), 
e(OC' - OA') = o(0C' + OB'), 
e(cos jo° — cos 6o°) = o (cos 30° + cos 6o°), 
Q ^Vs/i+jT? 

a y/i/i - 1/2 
^\/i + 1 


Vs'-*' 

(iv) A cycloidal uniform tube contains equal weights of two liquids, 
occupying lengths a and b; if it be placed with its axis vertical, prove that 
the heights of the free surfaces of the fluids above the vertex of the tube 


are as 

, (3 a-\-by to (3 b-\-a) z . [M. T ’.] 


Let the two liquids of densities e and 0 respectively extend from 



C to A and from C to B, so that arc CA = a and arc CB = b. The 
axis of the cycloid being vertical, let D be its lowest point. 

Let the vertical heights of A, C and B be j v and y a respectively. 
Suppose the arc DC is of length s. 

Since the weights of the two liquids are equal, we have 

aQ = b<s. .(1) 

Equating the pressures at D from the left and right sides, we get 
= Ja Q£ + (Js “ Ji)*&> 


e j»-i*' 

In a cycloid we have the geometrical relation 


. . (2) 


J a = 817, 

where r is the radius of the generating circle of the cycloid ,y the ver¬ 
tical height above the vertex of a point whose arcual distance from 


the vertex is s. Hence 

(« - J ) 2 = *h> (?) 

** = 8 %, ( 4 ) 

(■ 1 + &)* =■ 8%. (5) 
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01 

or 

or 


Subtracting (4) from (3) and (5), we get respectively 

a 3 - zas = 8r(ji—J a ); b 3 + zbs = 8 r(y a -j 2 ). 


a 3 — zas _ j l —_y 2 ~ a 
b 3 + z bs j s - j a q 

b(a 3 — zas) =<2(^4- 2ir), 



, from (2) and 


(0. 


4«fcf = ba 3 — ah 3 . 


s 



(9 


or 


Now from (3) and (5), we get 

Ji _ ~ -0 2 

7 s (* + ') a 

{a — [a — £)/4> 2 
\b + '(a-b)l4)* 

Ji __ (3* + £) 2 
Js (3 b + a) 3 ' 


from 


( 6 ), 


Examples II 

1. The sp. gr. of mercury is 13’6. At what depth in mercury 
will the pressure be equal to that at 500 meters in water ? 

2. If the pressure of the atmosphere be taken to be 15 lbs. 
weight per sq. inch, and the weight of water of 1 cu. ft. volume 62 * 5 
lbs. weight, find the pressure pci sq. inch at depths of (i) 10 inches, 
(ii) 20 feet, under the surface. 

3. The pressure in a watetpipe at the base of a building is 39 lbs. 
wt. per sq. inch and on the roof it is 19 lbs. wt. per sq. inch; find 
the height of the roof. (1 cu. ft. of water weighs 62'5 lbs.) 

4. The atmospheric pressure at the surface of a lake is ij lbs. 
wt. per sq. inch. Find at what depth will the pressure be 45 Jbs. 
wt. per sq. inch, the weight of a cubic foot of water being taken to 
be 1000 02s. 

5. The pressure at the bottom of a well is four times that at a 
depth of 2 feet. What is the depth of the well if the pressure of the 
atmosphere be equivalent to that of 30 feet of water ? [Benares, 1938] 

6. Two liquids A and B do not mix and have different 
densities. When A is poured in a vessel to a vertical height b, the 
pressure on the bottom is the same as when A stands to a height b y 
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and B to a height h t above it. Show that the ratio of the density of 
A to that of B is 

b ht ^ . [Benares, 1940] 

7. Prove that the pressure at the centre of gravity of a trian¬ 
gular lamina wholly immersed in a homogeneous liquid, in any 
manner, is one-third the sum of the pressures at the angular points. 

8 . Prove that if a parallelogram be immersed in any manner in 

a heavy homogeneous liquid, the sum of the pressures at the ex¬ 
tremities of one diagonal is equal to the sum of the pressures at the 
extremities of the other diagonal. [ Calcutta , 1936] 

9. A layer of mercury 25 cm. deep, (sp. gr. 13'6) is covered by 
one of water of the same depth; above this there is a layer jo cm. in 
depth of oil, (sp. gr. 0-9); find the pressure at the bottom (i) in 
grammes wt. per sq. cm. (ii) in cendmetres of mercury, assuming the 
atmospheric pressure to be due to a column of 76 cm. of mercury. 

10. If there be n fluids arranged in strata of equal thickness, and 
the density of the uppermost be p, of the next 2Q and so on, that of 
the last being «Q ; find the pressure at the lowest point of the »th 
stratum and thence prove that the pressure at any point within a 
fluid whose density varies as the depth is proportional to the square 
of the depth. [M. T.] 

11. If a liquid be heterogeneous and of density ^ at a depth 
show that the pressure is II + , where II is the atmospheric 


t 'pressure. 

' 12. The lower ends of two vertical tubes whose cross-sections 

are 2 and o'2 sq. inches respectively are connected by a tube. The 
tubes contain mercury (sp. gr. 13- 6). How much water must be 
poured in the larger tube to raise the level of the mercury in the 
smaller tube by 2 inches ? 

13. If p, Q' be the densides of two fluids (p < p') and the 
lengths of the arms of a IJ-tube in which they meet be m and n 
inches respectively, prove that in order that the tube may be com¬ 
pletely filled, the height of the column of the lighter fluid above the 
horizontal plane in which they meet, must be 

g - p ( ”_~p W) inches - [M. T.} 
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14. A small uniform tube is bent into the form of a circle whose 
plane is vertical. Equal quantities of two fluids of densities Q and 
tf fill half the tube. Show that the radius passing through the 
common surface makes with the vertical an angle 0 given by 

0 — <T 

tan 6 = — —— . [Bombay, 1940] 


15. A fine circular tube in a vertical plane contains a column 
of liquid, of density 8, which subtends a right angle at the centre, 
and a column of density 8' subtending an angle a. Prove that the 
radius through the common surface makes with the vertical an angle 
8 — S' -j- S' cos a . . , 

STS'lii7T~- [4ff*.*93*] 


tan -1 


16. In the lower half of a uniform circular tube, one quadrant 
is occupied by a liquid of density 2Q, and the other by two liquids 
of densities 0 and jq. Prove that the volume of the lower of the 
two latter liquids is twice that of the other two. [ Lucknow , 1958] 

17. Three fluids whose densities arc in A. P. fill a semi-circular 
tube whose bounding diameter is horizontal. Prove that the depth 
of one of the common surfaces is double that of the other. 

[Calcutta, 19x6] 

18. A tube in the foim of a parabola held with its vertex down¬ 
wards and axis vertical, is filled with two different liquids of densi¬ 
ties 8 and 8'. If the distances of the free surface of the liquids from 
the focus be r and t* respectively, show that the distance of their 
common surface from the focus is 


r8 — r'S' 
8 - 8 '"* 


[Lucknow, 1929; Agra, 1930] 


19. A clo°ed tube in the form of an equilateral triangle con¬ 
tains equal volumes of three liquids which do not mix and is placed 
with its lowest side horizontal. Prove that, if the densities of the 
liquids are in A.P., their surface of separation will be at points of 
trisection of the sides of the triangle. [M. T.] 


2*8. Thrust on a surface. When a surface is in 
contact ■with a liquid, the liquid exerts thrusts no rmal 
to the surface at every element of the area. If the sur¬ 
face be a plane surface, then the direction of the thrust being 
normal to the plane area, is everywhere the same. Thus the 
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thrusts on all the elements of the plane surface form a sys¬ 
tem of parallel forces, which on being compounded will 
give the resultant or total thrust of the liquid on the plane 
surface. If the surface be a curved surface, the thrusts at 
various elements of the area will not be in the same direc¬ 
tion, and hence if they be simply added up together, their 
mere arithmetical sum will not give the resultant thrust. 
But whether the surface be plane or curved, this arith¬ 
metical sum of the thrusts at all the elements of the area 
is termed the whole pressure, which may be defined as 
follows:— 

The Whole Pressure of a fluid on any surface with 
which it is in contact , is the sum of all the normal thrusts exert¬ 
ed by the fluid on every element of the surface. 

The formula arrived at in the following section for the 
calculation of the whole pressure for a plane surface is equally 
applicable, both in method and expression, also to the case 
of a curved surface. But since for a curved surface, the 
whole pressure has no mechanical significance whatsoever, 
its calculation does not serve any practical purpose. 

Tt should be well noted that in the case of a plane sur¬ 
face, the Whole Pressure and the Resultant Thrust are the 
same, but not so for a curved surface. The determination 
of the resultant thrust for a curved surface will be discussed 
in the next chapter. 

2*8i. Whole Pressure on a plane surface. Sup¬ 
pose a mass of homogeneous liquid is in contact with a 
plane surface. Tf the atmospheric pressure is neglected, 
then the free horizontal surface of the liquid will be the 
surface of zero pressure. When the atmospheric pressure 
is not neglected, the surface of zero pressure will be the 
effective surface. We can establish now the following Use¬ 
ful theorem:— 
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If an area S of a plane surface be in contact with a 
homogeneous liquid, the whole pressure or resultant thrust 
of the liquid upon the surface is given by 

w. S. z, 

where z represents the depth of the centre of gravity of the area 
S below the surface of zero pressure and w the weight of unit 
volume of the liquid. 

Let the area S be divided into an indefinitely large 
number of small elements of area 

cij, a 2 , a 3 , .and let the depths ; 

of these elements of area below : 
the surface of zero pressure be 

£ l > ^ 2 ’ . 

Since the pressure at a depth 
ft is Z\ w -> the thrust on the small '■ 
element of area a,, may be taken to be ^cqft. Similarly 

the thrusts on a 2 , a 3 ,.are given by wa^, . 

Hence the whole pressure on the area S 

= + ^“^2 + 2 *% 4 . 

= 2*2 <*!!&. ..... (t) 

But we know from Statics that if \ represents the dis¬ 
tance of the centre of gravity of S, then 

~ _ 2 _ 2 a, ft 

K ~ S ' 

Putting this value of 2 cq ft in (i), we get the who’e 
pressure or resultant thrust on the area S 

= n>Sz- 

2*82. Other forms of expressing whole pressure. 
The resultant thrust wSz obtained above is sometimes called 
the total thrust or total pressure of the liquid on the 
surface 5 . Quite often when there is no chance of con¬ 
fusion, even the word ‘total’ is dropped, and by saying 
3 
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‘pressure on an area/ we understand total pressure on that 
area. 

Obviously the whole pressure wS% may also be ex¬ 
pressed in the following ways:— 

(i) Tbs whole pressure of a liquid on a surface is equal 
to the weight of a column of liquid of which the base is equal to the 
area of the surface, and the bight is equal to the depth of the 
centre of gravity of the surface below the surface of %ero pressure. 

(ii) The whole Pressure of a liquid on a plane area is equal 
to the product of the area and the pressure at the centre of gravity 
of the area. 

We see from above that the mean or average pressure 
throughout the area is the pressure at the centre of gravity of the 
plane area. 


2*83. Whole Pressure on a horizontal base. Since 
the pressure at all points in a horizontal plane is the same, 
the thrust on a horizontal surface will be given by the product 
of the pressure at any point of the surface and the area of the 
surface. 

It follows that the thrust on the horizontal base of a 



vessel containing liquid does not depend upon the shape 
of the vessel, nor upon the quantity of liquid contained; 
it depends only upon the depth of the liquid and the area 
of the horizontal base. Thus in the above figure the 
four vessels (shown in elevation) have got different shapes 
and contain different amounts of the same liquid, but the 
area of their bases and the depth of the liquid being the 
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same in all the four, they will have the same resultant 
thrust on their bases, which will be equal to the weight of 
the liquid contained in the cylinder-shape vessel. 


2*9. Illustrative Examples. (1) Calculate the total thrust on 
one side of a rectangular vertical dockgale 45 feet wide, immersed in sea-wafer 
to a depth of 30 feet, given that 1 c.Jt. of sea-water weighs 1025 o%s. 

If there is fresh water on the other s/de of the gate, find its depth so 
that the resultant thrusts on the two sides ate equal. [ Madras , 1934] 

The area immersed under sea-watc - 

- 45 X 30 sq. ft. 

The depth of the C.G. of the lmmetscd area 

— 15 ft. 

the total thrust on the dock-gate 


1025 „ 

= 45 X 30 X 15 X 6 lbs. 

-- 1297263 "625 lbs. 

If dbc the depth of the fresh watet on the other side, the resul¬ 
tant thrust on the othei side 


or 


, j. d 1000 ., 

- (45 X d) X z X i6 lbs. 

The resultant thrusts on the two sides bum; equal, wc have 

, d 1000 1025 

45 X d X - X i6 - = 45 X 30 X 15 X i6 , 

1000 d 2 

— 2 = 3 ° X 15 X 1025, 


or 

or 


d 2 = 3 ° 2 X 


1025 

1000’ 


d — 3 \/102 • J ft., 

= 3c372 ft. nearly. 


(11) A triangle ABC is immersed m 
a liquid, its plane being vertical and the side 
AB in the surface; if O be the centre of the 
circumscribed circle of the f\ABC, proie 
that the pressure on the ffOCA : the pres¬ 
sure on the A OCB :: sin 2B : sin 2 A. 

Let D and E be the middle points 
of the sides BC and AC and G 1 and G a 
the centres of gravity of the triangles 
OAC and OBC respectively. 
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In the £ ODE, OG t =§OE and OG t = § OD, hence G 1 G > is 
parallel to ED. But ED is parallel to AB, hence GjG* is parallel 
to AB. 

The depths of the centres of gravity of the triangles OAC and 
OBC being the same, the total pressures on them will be proportional 
to their areas. 

Now the area of £J 0 CA = JCM.OC.sin AOC 
= J R a sin iB, 

and the area of &OBC = £ OB.OC. sin BOC 

= JR 2 sin 2A. 

Hence, the pressure on /\£)CA : the pressure on /\OBC 
— sin 2B : sm 2 A. 

(iii) A cubical vessel is filled with two liquids of densities Q and q', 
the volume of each being the sami. Find the pressure on the base and on 
one of the sides of the vessel. 

Suppose a is the length of a side of the vessel. 

The pressuie at a point on the base 

= i a e'n + e# 

Hence the pressure on the base 

= iaA (Q' + Q)g 
= + Q ) i - 

The pressure on one of the vertical sides, say ABCD, may be 
obtained by one of the two methods 
given below. 

First Method 

Imagine the liquid of density Q' 
iq contact with AEFD to be replaced 
by a portion E'EFF' of density p 
which would cause the same pressure 
at the level EF that the given liquid 
of density p' does, so that 

EE'x Qg - }«. Q'g, 

or EE' =- . 

2 q • 
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Now the thrust on the portion EBCF 

= Area x depth of C. G. of EBCF below E'F ' 
X wt. of unit volume of the liquid of density p 



+ .(0 

The pressure on the portion AEFD 

= tf 2 / 2 X a l 4 x Q'g = 1/8 X a a Q'£ ... (2) 
Adding (1) and (2), wc get the totai thrust on ABCD 
= (« S /8) X (38' + Q)g- 

Second Method 


The thrust on the side will lemam the same even if we 
consider that one liquid of density p' is in contact with the whole 
side and another liquid of density (p — p') in contact with the lower 
half only of the side. 

The thrust due to the first liquid 

= a 2 . ill 2 . Q'g — cPjz. Q'g. 

The thrust due to the second liquid 

= a 2 \z aj 4. (p - Q')g - 1/8. a 3 (Q - Q^g- 

Adding, we get the thtust on ABCD 

= " 3 /8 ( 4 <?'- <?- Q ')£ 

- a s /8- (30' — Q)g- 

(lv) The Tide AB of a triangle ABC is in the surface of a fluid and 
points D, E are taken in AC, such that the pressures on the triangles BAD, 
BDE, BEC are equal; find the ratio AD: DE: EC. [M. T.] 

The depths of D, E and C 
arc AD sin A, AE sin A and 
AC sin A respectively. 

If w represents the weight of 
unit volume of the liquid, we 
have the pressure on the ABD 

= i.AB.AD sin A X &.AD sin A X n> 

= K.AD 2 .w, .(1) 

whete K = $A 3 sin 2 A. 

Similarly, the pressure on the ^ ABE 

= K.AE i w = zK.AD*.n>, .(2) 
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and the pressure on the A ABC 

= K.AC*.w = sK.ALP.w, . . . . 
since the pressures on the A* ABD, BDE, BEC are equal. 
From (1), (2) and (3) we get 

AE* AC 2 
~ 3 ’ 

AE _ AC 
V 2 V 3 ’ 

AD DE EC 
1 V 2 - 1 \/3-V 2 ’ 


( 3 ) 


or 


or 


AD* = 


AD 


(v) An ellipse is placed with its major axis on the surface of water and 
its plane vertical\ a circle—the auxiliary circle—is described on the major 
axis as diameter. Find the thrust of water on the portion of the area 
enclosed between the auxiliary circle and the ellipse. 

Let the equations of the ellipse and the circle be respectively 
x 2 ja 2 +j' 2 /i> 2 = i, 
and x 2 +_y 2 — a 2 . ^ 

The depths of the C.G. of 
the semi-circle and the semi¬ 
ellipse being 4a/}it and 46/311 
respectively, we have 
the required thrust on the area 
= the thrust on the semi-circle 
— the thrust on the semi-ellipse 

Jta 2 4 a nab 4 b 

= w. . — w . - . — 

2 3 it 2 jJt 

— §wa(a s — b s ). 



Alternative Method 


The example can be done also in a different way by using 
the method of Integral Calculus. In this method the knowledge of 
the positions of the C.G. of a semi-circle and semi-ellipse will not be 
required. 

Divide the enclosed area into thin elementary vertical strips 
like MNN'M'. Let the distance of MN from OY be x and the 
thickness of the strip MNN'M' be dx. Let the distance of M from 
AO A' be denoted by j m . 
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The thrust on the strip 

= w X area of the strip x depth of its C.G. below AO A' 
= » X O'. -Jj dx X j ( Jf m +jJ 
= Mj» -Jm*) dx. 

Since N is on the auxiliary arcle and M on the ellipse, we have 
Jn* = — X s , and _) m a = b*(i — x 3 /a i ). 

Jn - Jm a = (* 2 - ^ 2 )(i - **/**)• 

Hence, the total thrust for the enclosed area 

= 2^ (a 2 - b s )( l - x 2 fa 2 ) dx 

\n-x*la*)dx 

l 

— $wa (a* — b 2 ). 

(vi) A hollow weightless hemisphere, filled with liquid, is suspended 
freely from a point in the rim of its base', prove that the whole pressure on 
the curved surface and the base are in the ratio 19:8. 

Let a be the radius of the hemisphere and O the point of the rim 
from which it is suspended G being the C. G. 
of the hemisphere, CG — $a] 8, and OG must be 
vertical. If a be the inclination of the base to 
the vertical, then 

tan a = . . . . (1) 

The whole pressure on the base 

= w JI a 2 . a cos a. . , . . (z) 

If G' be the C.G. of the curved surface of 
the hemisphere, then CG' — a/z. 

The depth of G' below O 

= a cos a -{- £a sin a. 

Hence, the whole pressure on the curved surface 

= w . (2rt« 2 ) . (« cos o + \a sin a). . (3) 

Comparing (z) and (3), we get the required ratio as 
z(cos a + £■ sin a) : cos a, 
or 2(1 + \ tan a) : 1, 

or 2(1 + , 3 r ) : 1 from (1), 

19: 8. 




or 
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s Examples HI 

1. Find the thrust on a rectangular board, 3ft. by 2ft., immersed 
vertically in water with the smaller top edge horizontal and at a depth 
of 24*; feet below the surface of water, the atmospheric pressure 
being equal to a column of 34 ft. of water. 

2. Find the thrust on a square board whose side is 1 foot, when 
sunk in water to a depth of 20 feet, the board being horizontal and 
the atmospheric pressure at the surface being equivalent to a height 
of 30 inches of mercury. (Take the sp. gr. of mercury as 13*59) 

3. A triangular area of 100 sq. feet has its vertices at depths 
of 5, 10 and 18 feet below the surface of the water. Find the resul¬ 
tant thrust on the area, the atmospheric pressure being 15 lbs. wt. 
per sq. inch. 

4. Determine the total thrust on one side of a rectangular ver¬ 
tical dock-gate 50 feet wide, immersed in salt water to a depth of 25 
feet, having given that one cubic foot of salt water weighs 1026 ozs. 

5. The base of a rectangular tank, the upper edges being 2 ft. 
and 5 ft. in length, is inclined so that when the tank is full, it is 4 ft. 
deep at one edge and 2 feet at the opposite edge. Find the resultant 
pressure on the base. 

6. In the vertical side of a water tank there is a square plate 
whose upper edge is horizontal and 8 ft. below the surface of the 
water. The depth of the plate is one foot; find the resultant pressure 
on the plate, taking the weight of 1 cu. ft. of water to be 62*5 lbs. 

[Calcutta, 19x0] 

7. A square plate, whose edge is 8 inches, is immersed in water, 

its upper edge being horizontal and at a depth of 12 inches below the 
surface of the water. Find the thrust of the water on the surface of 
the plate when it is inclined at 45 0 to the horizon; the mass of a cu. 
ft. of water being 64 lbs. [1 Calcutta , 1937] 

8. Find the total thrust of water on a semi-circular area of radius 
6 inches immersed in water with its diameter in the surface and the 
plane inclined to the vertical at an angle of 60. 

9. An ellipse is placed with its minor axis on the surface of water 
and its plane vertical. A circle is described on the minor axis as 
diameter. Find the total pressure of water on the portion of the 
area enclosed between the ellipse and the circle. 
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10. Taking a cubic foot of water as 1,000 02s., find tbe pressure 
of the water arising from its weight on a side of a astern 7 ft. wide 
and 8 ft. deep, if the cistern is filled with water. 

What horizontal line would divide the side into two parts, so that 
the total pressure on each would be the same ? 

11. The sp. gr. of sea-water olive oil and alchohol are 1 "027, 
o'915 and o 795 respectively, the oil and alchohol have depths 1"and 
2" above the water. Find the pressure on 3 sq. inches of a plane 
surface which is immersed horizontally at a depth of 5 inches below 
the upper surface of the oil, the weigh! of a cubic foot of distilled 
water being 1,000 ozs. 

12. A triangle is immersed in a liquid with one vertex in the sur¬ 

face and the opposite side houzontal. Neglecting the atmospheric 
pressure, find the latio in which the median through the vertex will 
be divided by a horizontal line v Inch divides the triangle into two 
parts on which the total piessures are equal. [Allahabad, 1922] 

13. A square is placed in a liquid with one side m the surface. 

Show how to draw a horizontal line in the square dividing it into two 
portions, the thrusts on which are the same. [Calcutta, 1938] 

14. A square lamina ABCD, which is immersed in water, has the 

side AB in the surface. Draw * line BE to a point E in CD, such 
that the pressures on the two portions into which it divides the 
lamina, may be equal. [Agra, 1931, 1937] 

15. ABCD is a rectangle immersed m a homogeneous liquid 

with AB in the free suifacc and AD vertical Show how to draw a 
straight line through A, dividing the rcctangulai area into two por¬ 
tions equally piesscd. [Nagpur, 1943] 

16. The side AB of a triangle ABC is in the surface of a fluid 
and a point D is taken in AC, such that the pressures on the 
triangles BAD and BDC are equal, find the ratio AD : DC. 

17. The sides of a cistern are vertical Its base is a horizontal 

regular hexagon each side of which is y/$ ft. long. Find the depth if, 
when it is full of water, the thrust on each of its sides is the same as 
on its base. [Agra, 1936] 

• 18. A triangle ABC is immersed vertically m a liquid with the 
vertex C in the surface, and the sides AC, BC equally inclined to the 
surface, show that the vertical through C divides the triangle into 
two others, the fluid pressures upon which are as 
b 3 + 3 ab a : a a + 3 a a b. 
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19. A hollow cone, whose axis is vertical and base downwards, 
is filled with equal volumes of two liquids whose densities are in 
the ratio 3 : 1; show that the thrust on the base is (3—4 1/a ) times as 
much as it is when the vessel is filled with the lighter fluid. 

[Lucknow, 1930] 

20. The lighter of the two liquids of density Q rests on the hea¬ 
vier of density a, to a depth of ‘ a’ inches. A square of side b is im¬ 
mersed in a vertical position with one side in the surface of the upper 
liquid; if the thrusts on the two portions of the square in contact with 
the two liquids be equal, prove that 

Qa (3 a — zb) = a(b — a) s . [Allahabad, 1927] 

21. The lighter of two liquids, whose sp. gravities are as 2:3, 

rests on the heavier, to a depth of 4". A square is immersed 
in a vertical position with one side in the upper surface; determine 
the side of the square in order that the thrusts on the portions in the 
two liquids may be equal. [M.T.] 

22. Into a vessel containing a liquid of sp. gr. q is poured water 
to a depth a. If a rectangular area of height h is immersed vertically, 
part In the water and part in the lower liquid, find the length of the 
area in this liquid when the fluid pressures on the two portions are 
equal. 

23. A rectangular area is immersed in a heavy liquid with two 
sides horizontal, and is divided by horizontal lines into strips on 
which the total thrusts are equal. Prove that, if a, b, c are the 
breadths of three consecutive strips, 

a(a + b)(b — c) = c{b + c)(a — b) [Benares, 1941] 

■^24. A parallelogram is immersed in a homogeneous liquid with 
one side in the surface; show how to draw horizontal lines dividing 
it into n portions the thrusts on which are equal. 

^25. A semi-circle is immersed vertically in a liquid with the dia¬ 
meter in the surface; show how to divide it intojsectors, such that the 
thrust on each is the same. [M.T.] 

'z 6 . A cube is filled with a liquid and held with a diagonal verti-j 
cal, find the pressures on one of the lower and one of the upper faces. 

27. Two dock-gates close a channel 12ft. wide, the depth of water 
on one side of the gate is 3ft. and on the other 15ft. Find in tons 
weight the force that must act on either gate to prevent them from 
opening. 
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28. The inclinations of the axis of a submerged solid cylinder 

to the vertical in two different positions are complementary to each 
other. If P and P* be the difference between the pressures on the 
two ends in the two cases, prove that the weight of the displaced 
fluid is equal to (P 2 4- p«)i/2. 

29. A cylindrical tumbler, half filled with a liquid of density q, 
is filled up with a liquid of density p' which does not mix with the 
former one. Show that the pressure on the base of the tumbler is to 
the whole pressure on its curved surface as 2r(p + Q') to b(Q + 3 (? 0 > 
where b is the height and r the radius of the base of the tumbler. 

[. Allahabad , 1943] 

30 A cylindrical vessel on a horizontal circular base of radius a , 
is filled with a liquid of density w to a height b. If now a sphere of 
radius c and density greatei than » is suspended by a thread so that 
it is completely immersed, find the increase of pressure on the base 
of the vessel, and show that the increase of the whole pressure on 
the curved surface is 

(8it/3<j)x w<? (b + ar 8 /3^z 2 ). 

31. A closed hollow cone is just filled with liquid, and is placed 
with its vertex upwards and axis vertical, divide its curved surface by 
a horizontal plane into two parts on which the whole pressures are 
equal. 

32. A hollow weightless cylinder filled with water is suspended 
freely from a point on the rim of its plane end. If the height of the 
cylinder be twice the radius of the plane circular ends, show that the 
thrusts on the ends are in the ratio of 3 : 1. 

33. A hollow weightless cone of semi-vertical angle a and of 
height h, is filled with liquid and freely hung from a point on the rim 
of the base; show that the thrust of the water on the base is 

4J1A 8 tan s a sin a . » 

V1 + 15 sin 2 a. 

t 34. The centre board of a yacht is m the form of a trapezoid in 
which the two parallel sides are 3 and 5 ft. respectively, and the side 
perpendicular to these two is 4 feet in length. Assuming that the last 
named side is parallel to the surface of the water at a depth of x 
foot and that the parallel sides are vertical, find the total pressure on 
the board. 
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35. A parallelogram ABCD is immersed in a homogenous fluid 
of density Q, open to the atmospheric pressure II, ■with the side 
AB in the surface. £ is a point in AB such that AE = '{AB. A 
straight line joins E to a point F in CD. Show that, if the thrusts 
on AEFD and EBCF are equal, DF is given by 

6 DF(3II + 2 gQb) — AB(GU + 5 gQb), 
where b is the depth of AD. [M.T.] 



CHAPTER III 


RESULTANT THRUST ON CURVED 
SURFACES 

3*i. Centre of Pressure. We have seen that when 
a plane surface is in contact with a fluid, the latter exerts a 
pressure which is everywhere normal to the plane surface. 
The magnitude of the pressures on the various elements of 
the area depends upon the depths of these elements and 
hence will generally differ; but the direction of the pressure 
being always perpendicular to the plane area, these pres¬ 
sures will form a system of parallel forces which can be 
compounded into a single force acting at some definite 
point of the plane of the area. This single force gives the 
Resultant Thrust or Resultant Pressure of the fluid upon 
the plane area as already explained, and the point where its 
line of action meets the plane is called the Centre of 
Pressure of the plane area. 

Definition. The Centre of Pressure of a plane area 
in contact with a fluid is the point of the area at which the Resul¬ 
tant Thrust oj the fluid on one side of the ar.a acts. 

The determination of the positions of the centres of 
pressure for areas of different shapes will be discussed in 
the next chapter. But below we give the position of the 
centre of pressure (written briefly as C. P.) for a few simple 
standard cases leaving the proofs for the next chapter 
which is devoted wholly to the subject of centre of 
pressure. 

3*ii. For the sake of simplicity we are stating for 
rhe present the positions of the centres of pressure neglect¬ 
ing the atmospheric pressure. 
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(i) C. P. for a Rectangle. Let a rectangular area 



ABCD be immersed in a homogeneous liquid with the 
side AB in the surface. 

If E and F be the middle point* of AB and DC respectively, 
then the centre of pressure of the rectangle ABCD will be at the 
point P on EF , where EP = f Lb. 

(ii) C. P. for a Triangle with its vertex in the 



surface and base horizontal. Let a triangle ABC be 
immersed in a liquid with the vertex A in the surface and 
the base BC horizontal. 

If D be the middle point of BC, then the C. P. of the triangle 
ABC is the point P on AD, such that AP = | AD. 
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(iii) C. P. of a Triangle with its base in the surface. 


B d C 



Let a triangle ABC be immersed in a liquid with its base 
BC in the surface of the liquid. 

If D be the middle point of BC, then the centre < f pressure 
P of the triangle ABC bisects AD. 

(iv) C. P. of a Circle. Let a circular area ADBE 


0 





with radius a be totally immersed in a homogeneous liquid 
with its plane vertical and its centre C at a depth h, so that 
OC — h and AC = CB = a, where ACB is the vertical 
diameter. 

The centre of pressure P of the circular area lies on CB, 
such that CP = ^, or OP = h -j- ^. 
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3*2. Thrust on a Curved Surface. When a curved 
surface is in contact with a fluid, then, unlike the case of a 
olane surface, the thrusts on the various elements of the 
curved surface are neither in the same direction, nor 
generally in the same plane. Consequently this system of 
fluid pressures constituting the Resultant Thrust, can be 
reduced in general to a force together with a couple , and not 
to a single force. It can, however, be shown that this 
totality of pressures is equivalent to certain forces in the 
vertical and horizontal directions which can be determined 
as is explained below. 

Supposing the surface divided into an indefinitely 
large number of small portions, let the fluid thrust on 
each element be firstly resolved into vertical and horizon¬ 
tal components. Now the vertical components at all the 
elements of the surface being parallel, form a system of 
parallel forces which can be compounded into a single 
resultant vertical force, say Z. This resultant is called the 
Resultant Vertical Thrust of the fluid upon the surface. 

Next let us consider the horizontal components. Let 
Ox and Oy be two conveniently chosen horizontal direc¬ 
tions at right angles to one another. Resolve parallel to 
Ox and Oy the horizontal components of fluid thrusts on 
all the elements of the surface. Then all the resolved com¬ 
ponents parallel to Ox will form a system of parallel forces 
which can be combined into a single resultant X acting 
parallel to Ox. Similarly the resolved components parallel 
to Oy can be compounded into a single resultant Y acting 
parallel to Oy. These resultants X and Y which can be 
thus determined in magnitude and direction, are called 
the Resultant Horizontal Thrusts of the fluid on the surface 
parallel to the assigned directions Ox and Oy respectively. 

The fluid pressures on all the elements of the curved 
surface are thus equivalent to these three forces X, Y and 
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Z which together constitute the resultant of the fluid 
thrusts on the given surface. If in any particular case 
these three forces X, Y and Z become concurrent, then 
they can be combined into a single resultant force which 
may be called the Resultant Thrust of the fluid on the 
surface. If they are not concurrent, as is generally the 
case, then, as explained above, the Resultant Thrust is 
given by the forces X, Y and Z. 

We proceed now to show how these vertical and 
horizontal components can be determined. 

3-3. Resultant Vertical Thrust. Let a surface be in 
contact with a liquid above it, 
and let the portion of the surface 
on which the vertical thrust is 
to be calculated be bounded by 
a curve ABCD. From every 
point of this boundary ABCD 
conceive vertical lines lo be 
drawn to meet in the curve 
A'B'C'D' the surface of zero 
pressure (which is the free sur¬ 
face of the liquid or its effective 
surface, according as the at¬ 
mospheric pressure is or is not 
neglected). These vertical lines 
together with the surface ABCD and its projection 
A'B'C'D' form a cylinder of liquid which may be called 
the ‘superincumbent liquid.’ 

Considering the equilibrium of this cylinder of super¬ 
incumbent liquid, we note that the only vertical forces 
on it are its weight acting downwards through its centre 
of gravity and the vertical component of the reaction of 
the surface ABCD upon it acting upwards; these two must, 
4 
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therefore, balance each other. But since the reaction of 
the surface is equal and opposite to the thrust of the liquid 
upon the surface, we conclude that the vertical component 
of the thrust of the liquid upon the surface ABCD is 
equal to the weight of the superincumbent liquid. 

Hence, the rule for finding the resultant vertical 
thrust may be stated as follows :— 

The Resultant Vertical Thrust on any surjace in con¬ 
tact with a liquid is equal to the weight of the superincumbent 
liquid and acts through the centre of gravity of this superincum¬ 
bent liquid. 

3*31. Liquid pressing upwards. If the liquid, 
instead of being above the 
surface, be below it at every 
point as is the case for the 
surface ABC in the ad¬ 
joining figure, then the 
liquid presses the surface 
upwards. Make the same 
construction for the su¬ 
perincumbent liquid by 
drawing verticals from 
every point of the bound¬ 
ary of ABC to meet the plane of the surface of zero 
pressure in the curve A'B'C'. Then the pressure at each 
point being due to its depth below the surface of zero 
pressure, it is clear that the vertical component of the 
upward thrust of the liquid on ABC is equal to the weight 
of the liquid which would fill the cylinder ABCA'B'C'. 

Thus the rule arrived at in 3^3 for calculating the 
Resultant Vertical Thrust holds true always; if the liquid 
be above the surface the thrust acts downwards while, if the 
liquid be below the surface, it acts upwards. 
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3*32. Surface being pressed partly upwards partly 
downwards. Let us 
consider the vertical E 
thrust on the portion 
ABC of the surface in 
the given figure. Liquid 
being below the part 
AB, the resultant ver¬ 
tical thrust on it is 
upwards and equal to B 
the weight of the liquid 
that would fill the space 
ABED. 

Liquid is above the part BC, and consequently the 
resultant vertical thrust on it is downwards and equal to the 
weight of the liquid which would occupy the space BCDE. 

The resultant vertical thrust on the surface ABC, 
being the difference of these, is thus equal to the weight 
of the liquid contained in ABC and acts downwards through 
its centre of gravity 

Even if the surface be of a complicated shape, by 
repeated use of the above method, the resultant vertical 
thrust on the surface can be easily obtained in magnitude 
and diret don. 

Note. It can be easily seen that the foregoing conclusions 
regarding the determination of the resultant veitical thrust will con¬ 
tinue to hold true even if the liquid consists of layers of different 
liquids which do not mix. 

3*4. Illustrative Example. A hollow sphere of radius a is just 
filled with water, find the resultant vertical thrusts on the two portions into 
which the surface is divided by a horizontal plane at depth c below the centre . 

[ Allahabad, 1940J 

Since the sphere is just filled, the free surface of the liquid is the 
horizontal plane passing through L which is the highest point of 
the sphere. 
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Let Pj 2 be the plane of division, so that ON=f. Let AOB be 
the horizontal diametral plane. 

Draw verticals from the points of 
the circumference of the circular 
sections AOB and PN <2 to meet 
the horizontal plane through the 
highest point L of the sphere. 

The thrust on the lower por¬ 
tion PM <2 is downwards and in 
magnitude 

= wt. of the superincumbent 

liquid p'pmoc y 

— wt. of the cylinder P'PQ£/ 
of liquid 

+ wt. of segment PMQ of liquid 
= ({a 2 — <?)(a + r)w + Jit (a — c) (3 a 2 — a 2 — ac — c^w 
= in (a — r){3<7 2 4 + 2a 2 - ac — c 2 )w 

= in(a — c)(ja 2 4- jar 4- 2A)w. . . . . (1) 

The thrust on the upper portion PLQ of the sphcie is compris¬ 
ed of the upward pressure on ALB and the downward pressure on the 
zone APQB. 

The upward thrust on ALB 
= wt. of the superincumbent liquid A'ALBB' 

= wt. of cylinder A'ABB' — wt. of hemisphere ALB 

= na 2 . a .w — %ncPw — ina 3 w. .(2) 

The downward thrust on the zone AP£)B 
= wt. of supermeumbent hquid 

= wt. of the cylinder AA'B'B 4- wt. of the zone APQB — wt. of 
the cylinder PP'QQ 

= na 2 w 4- inc (3a 8 — c^w — lt(a 2 — <■*)(<* 4- r)#' 

= inCia 3 4 - 3 cPc — c 3 — 3« s — 3 a 2 c 4 - }ac* 4 - i<P)w 

= + iaA)w. .(3) 

Hence, the resultant vertical thrust on the upper portion being 
the difference of (2) and (3I 
= i»w{tP 4 - ***)}• 

It is upwards or downwards according as (2) is greater or less 
than (3), which will depend upon the relative values of a and c. 
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Examples IV 

1. A conical vessel io inches high on a flat cncular tnse of 5 
inches radius, is filled with water. Calculate the vertical thrust on 
the base when the vertex is upwaids 

2. A conical vessel filled wnh watti, stands -with its plane base 

on a horizontal table. Prove that the thtust of the liquid on the base 
of the cone is three times the weight of the contained watei. How 
do you explain the it suit 5 [Agra, 1933] 

3. A conical wineglass is filled with water and pltctd in an 

inverted position upon a table, how that the icsult' , 'it thiust of the 
water on the glass is two-thirds that on the dble. [M.l ] 

4. A hollow cone filled with watei and closed, is held with 
its axis horizontal; find the resultant tuned piessure on the upper 
half of its curved suiiact. 

Find it on the lower hall is well. [ Cnhutta, 1915] 

5. A bucket in the loim ot a itustum of c one is filled with watei. 
If the top and the bottom ends be of radii a and b (b < a) and the 
height b, find the lesultant sc meal thrust on the cuised suiface 

Calculate the viluc of the pi ssurc if a 8", b— 5", and b 
— 14"; 1 cu. ft ofwiters 'ghs 1000 ozs 

6. Find the resultant ve <eal fluid thiust on thelowei half of the 
curved surface of a cjhndi.eal pqc of length h ai d radius t when (1) 
the pipe is full, (11) when the height of the water abose the bottom is 
d(d>r) 

7. A vessel in the shape of a hollow hemisphere surmounted by 
a cone is held with the axis vertical and veitex uppermost. If it be 
filled with a liquid so as to submerge half the axis of the cone in the 
liquid, and the height of the cone be double the ladius of its base, 
show that the resultant upwatd thrust of the liquid on the vessel is 
15/8 times the weight of the liquid that the hcmisphcie can hold. 

8. The shape of the interior of a vessel is a double cone, 
the ends being open and the two portions being connected by a mi¬ 
nute aperture at the common \crtex. It is placed with one circular 
rim fitting close upon a horizontal plane and is filled with water. 
Find the resultant vertical thrust upon it, and prove that if it be zero, 
the ratio of the axes of the two poitions is 1 : 2. 

9. A conical cup whose weight is 5/8th of the weight of water 
whieh would just fill it, is placed vertex upwards on a smooth table 
and water is gradually poured in through a hole made in the top. 
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Show that the cup will be on the point of rising from the table when 
the water reaches half the height of the cup. [Agra, 1939] 

10. A hollow cone is placed with its vertex upwards on a hori¬ 
zontal table and liquid is poured in through a small hole in the 
vertex; if the cone begins to nse when the weight of the liquid 
poured in is equal to its own weight, prove that its weight is to 
the weight of the liquid required to fill the cone, as 9 — 3%/ 3 : 4. 

\Patna, 1941] 

n. A pyramid with a square base and with sides which are 
equilateral triangles is placed on a horizontal plane and filled with 
a liquid through an aperture in the vertex; find the piessure on one 
of the sides. 

If the pyramid has no base, find its least weight consistent with 
its not being raised. 

12. A double-funnel is formed by joining two equal hollow 
cones at their vertices and stands on a horizontal plane with the com¬ 
mon axis veilical; liquid is poured into the cone until its surface 
bisects the axis of the upper cone. If the liquid be on the point of 
escaping between the lower cone and the table, prove that the weight 
of eithei cone is to that of the liquid it can hold as 27 : 16. [M.T.] 

3-5. Resultant Horizontal Thrust. Let a surface 
ABCD be in contact with a liquid. It is required to find 
the resultant horizontal thrust on the surface in an assigned 
horizontal direction. 

Through every point of the perimeter of the surface 
ABCD draw horizon¬ 
tal lines in the assign- ~z-d-Z- ” 
ed direction to meet a 
vertical plane per- :-r-rT^~£ 
pendicular to them 
in the closed curve 
A'B'C'D'. Then the 
plane curve A'B'C'D' 
will become the pro- 
jection of the surface 
ABCD on this vertical plane. 
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Now consider the equilibrium of the mass of liquid en¬ 
closed between the surface ABCD, its projection A'B'C'D' 
and the cylindrical surface generated by lines drawn in the 
assigned horizontal direction. Since the only horizontal 
forces acting on tiiis mass of liquid in equilibrium in the 
assigned horizontal direction arc the horizontal component 
in the assigned direction of the thrust on the surface ABCD 
and the thrust on the plane end A'B'C'D these two forces 
must balance one another. Now the thrust on the plane 
surface A'B'C'D' is the whole pn rsure on it passing through 
its centre of pressure. Hence the resultant horizontal thrust 
on the surface ABCD in the assigned direction is equal in 
magnitude to the whole pressure on A'B'C'D its line of 
action passes through the centre of pressure of A'B'C'D' 
from the liquid towards the surface ABCD. 

Thus the rule for finding the resultant horizontal 
thrust may be formulated as follows:— 

The Resultant Horizontal Thrust on a given surface in contact 
with a liquid in an assigned horizontal direction is equal, in 
magnitude and line of action, to the whole pressure on the 
projection of the surface upon a vertical plane perpendicular to 
the assigned direction. 

Note. While establishing the above theorem, it has been 
assumed, as is the case -with most of the ordinary surfaces, that each 
of the horizontal lines like A A' cuts the surface in one point only. 
If the case be otherwise, then the given surface should be divided 
into two or more parts so that the above theorem may be applicable 
separately to each part. The horizontal thrust in the assigned direc¬ 
tion for each of the parts must be found separately, which after being 
compounded, will give the resultant horizontal fluid thrust on the 
whole of the given surface in the assigned direction. 

3*51. Resultant Thrust. We have explained in 
3 -2 how the resultant thrust on a curved surface can be 
determined in terms of X, Y, Z. We have shown now 
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how the vertical component Z and the horizontal compo¬ 
nent, say X, in an assigned direction can be found. In 
exactly the same manner as explained in 3*5, the resultant 
horizontal thrust in a direction at right angle to the pre¬ 
viously assigned direction can be obtained, which may be 
called the component Y. Thus the Resultant Thrust on 
any surface in contact with a liquid can be completely deter¬ 
mined in terms of the resultant vertical and horizontal 
thrusts on the surface. 

We shall see in the examples which follow that for 
certain simple, symmetrical bodies, these three forces can 
be compounded into a single one, and then the Resultant 
Thrust can be obtained as a single force. 

3’6. Resultant Thrust on a Solid—Principle of 
Archimedes. The important theorem, known as the Prin¬ 
ciple of Archimedes, may be stated as :— 

The resultant fluid thrust on a solid body, wholly or partial¬ 
ly immersed in a fluid at rest, is equal to the weight of the fluid 
displaced by the body, and acts vertically upwards through the 
centre of gravity of the fluid displaced. 

In order to prove the theorem it should be observed 
that the fluid thrust on a body does not depend upon the 
substance of which the body is made; it depends only on the 
shape of the body, its position and the fluid surrounding 
it. If instead of one particular body, any other body of 
exactly the same shape be placed in that very position in 
the fluid, the fluid thrust on this replaced body will be the 
same as before. 

Now imagine the body to be removed and the space 
occupied by it to be filled up with extra fluid of the same 
kind as the surrounding fluid, the rest of the fluid remaining 
undisturbed. This mass of the extra fluid which may be 
called the 'displaced fluid’ will form a continuous mass 
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with the surrounding fluid and would be in equilibrium 
under the action of its weight acting downwards and the 
thrusts of the surrounding fluid upon it. Hence the resultant 
thrust of the fluid upon any solid body that would fill the 
same space must be equal and opposite to the weight of the 
fluid displaced and must act upwards through the centre of 
gravity of the displaced fluid. This proves the theorem. 

v6i. Second Proof of Archimedes’ Principle. 

This theorem can also be proved by methods dealt with in 
3*3 and 3-5. 

Suppose a body PT&U is wholly immersed in a fluid. 
Suppose a vertical line going 
round the surface of the body 
touches it in the curve PRQS 
and meets the surface of zero 
pressure of the fluid in the 
curve ACBD. The whole 
surface oi the body is then 
divided in two parts —PTQRP 
which is below the dividing 
curve and PUQRP which is 
above it. The surface PTQRP 
has fluid below it and the 
surface PUQRP above it. 

Now the resultant verti¬ 
cal thrust on the surface 
PT< 2 RP is by 3‘3 equal to the weight of the fluid 
that would occupy the space PTQBA and acts upwards 
through its C. G., while the resultant vertical thrust on the 
surface PUJ 2 RP is equal to the weight of the fluid 
filling the space PUQBA and acts downwards through 
its C. G. The resultant vertical thrust on the whole 
body being the resultant of these two upward and down- 
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ward thrusts, is equal to the weight of the fluid that would 
occupy the space PT_ 0 J, and acts upwards through the 
C. G. of this displaced fluid. 

It can be easily seen that the resultant horizontal thrust 
on the surface of this body in every direction will be zero. 
For, following the method of 3*5 a vertical plane perpen¬ 
dicular to an assigned direction can be drawn, and the 
body divided into two parts so that the projections of 
the two parts into which the surface of the body is 
divided, on the plane will be exactly identical; and con¬ 
sequently, the horizontal thrusts on these two parts of the 
surface will be equal and opposite and act along the 
same line. Thus the resultant horizontal thrust will vanish. 

Since the resultant horizontal thrust in every direc¬ 
tion vanishes, the resultant thrust on the body is the resul¬ 
tant vertical thrust which, as shown above, is equal to 
the weight of the fluid displaced and acts upwards through 
its C.G. 

Even if the body be only partially immersed, it can be 



easily seen that the theorem holds true. Consider, for 
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instance, the partially immersed body of rather irregular 
shape as given in the figure. 

Here the resultant vertical thrust on the body 
= wt. of fluid A'AHBB' acting upwards 

— wt. of fluid (ACC'A' + BDD'B') acting downwards 
wt. of fluid (hCC'-\-DFD') acting upwards 
= wt. of fluid HCAHBDb acting upwards 
= wt. of the displaced fluid. 

The resultant horizontal thrust being zero as shown 
above, the theorem is proved to be true even when the 
body is partially immersed. 

Thus the theorem is completely proved. 

Note. It must be noted that in case the fluid in which the body 
is immtised is not homogeneous, but consists of a number of layers 
of diffeient fluids of vatymg densities which do not mix with one 
another, the mass of the displaced fluid should be taken to be of the 
same density at any point of it as that of the suuounding fluid at the 
same houzontal level. 

3 - 6z. Definition. The resultant fluid thrust on a body 
wholly or partially immersed in a fluid is called the Force of 
Buoyancy, and the centre of gravity of the fluid displaced is 
called the Centre of Buoyancy of the body. 

3*63. The important theorem proved in 3‘6 and 3*61 may 
be considered to be the fust established theorem of Hydrostatics. 
This principle is said to have been discovered by Archimedes in his 
bath fiom observations on the buoyancy of his own body. The 
ptoof given in 3'6 is based on the method employed by Archimedes 
himself. 

3*64. Thrust on a vessel containing liquid. Sup¬ 
pose there is some liquid contained in a vessel. This mass 
of liquid is in equilibrium under the action of its weight 
and the reaction of the vessel upon the liquid. But this 
reaction of the vessel upon the liquid being equal and 
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opposite to the thrust of the liquid upon the inner surface 
of the vessel, we conclude that the thrust of the liquid on 
the vessel is equal to the weight of the liquid contained 
and acts vertically downwards through the C. G. of the 
contained liquid. 

Hence the rule is: 

If a liquid be contained in a vessel , then the resultant thrust 
of the liquid on the vessel is equal to the weight of the liquid 
contained in the vessel and acts vertically downwards through 
the centre of gravity of the liquid. 

3*7. Illustrative Example. A hollow right circular cone filled 
with liquid is held with its axis tertical and vertex downwards. Find the 
magnitude and the line of action of the resultant fluid thrust on half the 
surface of the cone cut off by a vertical plane through the axis. 

In the figure, OAB is the vertical plane of separation of the cone 
ODE, so that it is required to find 
the resultant thrust on the surface 
of the semi-cone OADB. Let h be 
the height and r the radius of the 
base of the cone. 

Choosing AB and its perpendi¬ 
cular CD as the two horizontal 
directions along which components 
of horizontal thrusts may be taken, 
we note that the horizontal thrust in 
the direction AB must be zero. 

For, if the surfaces OAD and OBD 
be projected on the vertical plane 
OCD, which is a plane of symmetry 
for the semi-conical surface, the pro¬ 
jections will be identical; consequently the horizontal thrusts for the 
surfaces OAD and OBD, being equal and opposite, will cancel one 
another. Therefore the horizontal thrusts will be parallel to CD 
only. 

Let V and H denote the resultant vertical and horizontal thrusts 
respectively. 
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Now V = wt. of the superincumbent liquid 
= wt. of the vol. OADB of liquid 
= Wi- 3) nr 8 tv, . . (1) 

where v represents the weight of unit volume of the liquid. 

Again, H = whole pressure on the projection of the scmi-conical 
suiface OADB on the vertical plane OAB 
= whole pressure on the triangle OAB 
= n>.rb. hji = rh*n /j. .(a) 

This H will be acting through the centre of pressure P of the 
triangle OAB , where CP=hji-, its line of action will be in the plane 
OCD perpendicular to OC. 

The vertical thrust V acts downwatds through the centre of 
giavity G of the semi-cone which is in the plane OCD, its vertical line 
of action being parallel to OC at a distance rjn from it. 

Both KandHbcingin the same vertical plane OCD, they intersect 
at a point, say j 2 , such that its distances fiom OC and CD arc rjn and 
hjz respectively. 

Now if R represents the resultant thrust uhich passes through 
j 2, and 6 its angle of inclination to the horizontal, we get 

R - VVM W 2 

= i wrb "v/itV 2 -+■ 4 ^ 2 > 

and 0 = tan- 1 (VjH) =- tan' 1 (Jir/zb). 

Examples V 

t. A right circular cone filled with liquid is held with its axis 
vertical. Prove that the horizontal thiust on half the curved surface 
cut off by a plane through the axis, when the vertex is upwards is 
twice that when the vei tex is downwards. 

2. A right circ ula r cone is just immersed in a liquid with its axis 
horizontal. Find the resultant horizontal thrust (1) on half the cone 
cut off by a vertical plane through the axis, (11) on lower half of the 
cone cut off by a horizontal plane through the axis. 

j. A solid circular cylinder is divided in two equal parts by a 
plane through the axis. If it is held just immersed in a liquid with 
the axis horizontal and the plane section vertical, what will be the 
resultant horizontal thrust on the curved surface ? . 

4. A hollow cylinder closed by a plane base is filled with liquid 
and held with its axis vertical; find the magnitude and the line of ac- 
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tioa of the resultant thrust on half the cylinder cut off by a vertical 
plane through the axis. 

j. A hollow right circular cylinder is filled with liquid and held 
with its axis horizontal; find the magnitude and the line of action of 
the res ultan t thrust on half the curved surface cut off by a vertical 
plane through the axis. [Agra, 1943] 

6. A hemispherical bowl with its lowest point downwards and 
the plane base horizontal is filled with water. The water is poured 
into a cylindrical tumbler, the radius of whose base is equal to that of 
the hemisphere. Prove that the horizontal thrusts on half of their 
curved surfaces in which they may be divided by vertical planes 
through their axes, are in the ratio of 3 : a. 

7. A hemispherical bowl is filled with water; find the horizon¬ 

tal fluid pressure on one-half of the surface divided by a vertical 
diametral plane, and show that it is i/jt of the magnitude of the re¬ 
sultant fluid thrust on the whole surface. [Lucknow, 1941] 

8. A cylindrical pipe of circular cross section is half full of water. 
If the pipe be imagined to be divided into two halves by a vertical 
plane along the middle, show that the water will tend to push them 
asunder horizontally with a force Wjn, where W is the weight of the 
water contained. Show that the resultant thrust of the water on 
either half of the pipe makes with the vertical an angle cot" 1 (rt/z). 

9. A closed cylindrical vessel with hemispherical ends is filled 
with water, and placed with its axis horizontal. Find the resultant 
thrust on each of the ends and determine its line of action. 

[Allahabad, 1926] 

10. A hemisphere of radius a is immersed in a liquid of density 

ff. The plane of the base is vertical and its centre at a depth a\/ 5 
below the surface. Show that the resultant force on the curved 
surface is Jjtoja 8 and that its direction makes with the horizontal an 
angle 8 , where tan 6 = 2/V45* [Af. T.] 

11. A right circular cone is divided into two parts by a plane 
through its axis. One of these portions is just immersed vertex 
downwards in water. Find the resultant thrust on its curved surface, 
and show that it is inclined at an angle tan -1 (£rc tan a) to the hori¬ 
zontal, where a is the semi-vertical angle of the cone. 

[Agra, 1929; Allahabad, 1933]. 

1 a- The end of a horizontal pipe is closed by a sphere of the 
same radius a as the internal section of the pipe. The sphere is 
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hinged at its highest point. If the pipe is just full of liquid of 
density Q, prove that the moment about the hinge of the liquid 
pressure on the sphere is gQita*. [M. T] 

13. A spherical shell formed of two halves in contact along a 
vertical plane is filled with water , show that the resultant piessure 
on either half of the shell is \/i 3/4 of the total weight of the liquid. 

14. Two closely fitting hemispheres made oi sheet metal of small 

uniform thickness are hinged together at a point on their rims, and 
are suspended from the hinge, the rims being greased so that thty 
form a water-tight spherical shell, this shell is now filled with water 
through a small aperture neai the hince. Prose that the contact 
will not give way if the weight of the shell exceeds three times that 
of the water it contains. [M. T.] 

15. A hollow tight circular cone is divided into two parts by a 
plane thiough the axis, and the two parts are hinged together at 
the vertex, the edges being greased so as to be uater-tight. The 
vessel is then hung up b> the hinge and filled up with water through 
a small apertuie neai the hinge. If the wate 1 does not flow out, 
what must be the least value of the veitical angle of the cone 5 

16. A solid circulai cone of unifoim material and height b and 
of vertical angle za, floats in water with its axis vertical and vertex 
downwards and a length h' of tti' axis immciscd The cone is bisected 
by a vertical plane through the axis and the two parts arc hinged 
together at the veitex. Show that the two parts will remain in con¬ 
tact, if 1 / > b sin 2 a. 

[. Allahabad , 1938; Agra, 1934, ATT., Benares, 1943] 

3-8. Thrust on a curved surface bounded by a 
plane curve. When a curved surface in contact with 
a liquid is bounded by a plane curve, the resultant thrust 
on it may often be conveniently obtained in the following 
manner without using the method of 3*51. 

If some liquid is enclosed by the given curved sur¬ 
face S and a plane boundary A, then we know from 3-64 
that the resultant thrust of the liquid on S together with 
its thrust on A must be equal to the weight of the liquid 
enclosed. Hence by calculating the weight of the liquid 
and the thrust on A, which u the whole pre sure to be 
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obtained by the formula of a'81, the resultant thrust on 
S can be found. 

If a solid body enc’osed by a curved surface S and a 
plane boundary A be immersed in a liquid, then in this 
case the resultant thrust on S together with the whole 
pressure on A will be equal to the weight of the liquid 
displaced, by Archimedes’ Principle, and the above me¬ 
thod for finding the thrust on S will be still applicable. 

The method is illustrated by means of examples in 
the next article. 

3*9. Illustrative Examples. (1) A hemisphere, radius a, is 
entirety submerged in a liquid of density p so that its diametral plane makes 
an angle 0 with the horizontal and has its centre at a depth h. Prove that 
the resultant force on the curved surface is 

KtPgQda 2 + IP ± $ab cos 6 ) m . 

[I.C.S., 1955; M.T.] 

Find also the direction of the resultant thrust . 

By Archimedes’ Principle, the resultant thrust on the whole sur¬ 
face of the body is equal 
to the weight of the liquid 
displaced, viz., %gQ: t* 8 , and 
acts vertically upwards 
through the centre of gra¬ 
vity G of the hemisphere. 

But since the surface 
of a hemisphere is partly 
curved and partly plane, 
this thrust is the resultant 
of the following:— 

(1) The whole pressure 
X on the circular plane 
base acting normal to it 
at its centre of pressure P. 

By the formula of 2*81, we 
get 



X = gf>na i h. 
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( 2 ) The thrusts of the liquid acting on the elements of the curved 
surface. Since the curved surface is sphencal and the direction of 
pressure is everywhere normal to the surface, the pressures on the 
various elements must pass through the centre O, and consequently 
the direction of the resultant thrust on the cuived surafee must also 
pass through O, Let this resultant thrust be repiesented by R acting 
at an angle <j> to the honaontal. 

Resolving R and X which together make up the total vertical 


thrust we get 

R sin <f> — Xcos 8 = .( 1 ) 

R cos <f> — X sin 0 — o. .( 2 ) 

R sin ^ — $gQKti* + X cos 6 


= ggpiTd* -( ZQItr 'Vj.cos 0 ; 

and R cos <f> = X sin 0 — gQKir/j sin 6. 

Hence 

R = gQna 2 \/(/j cos 6 -f- H") 2 4 (J> 'in 0) 3 
= gQlta 2 \/%a 2 4 - \ahc os 0 ; 

and 

. . Rsin 6 za + xh cos 6 

tan m = - , - , 

Rcos0 3/bsin0 

If the plane base be as in the annexed figure, then the thrust X 
acts upwards and the equations corresponding to ( 1 ) and ( 2 )lwill be 



5 


R sin <f> + X cos 6 — 'igQna*, 
R cos <f> — X sin 0 = o. 
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In that case 


and 


R == gQna*\/ %a % — %ab cos d, 

a a — j b cos 6 


tan # = 


3 b sin 0 

(n) A hollow weightless hemisphere with a plane base is filled with water 
and hung up by means of a string , one end of which ts attached to a point of 
the mm of its base; find the inclination to the horizontal of the resultant 
thrust on its curved surface. 

Let a be the radius and A the point of attachment of the hemi¬ 
sphere; then AG will be vertical, 
where G is the C. G. of the en 
dosed hemispherical mass of 
water, so that OG = 3<//8. 

In this case the liquid being 
inside the hemisphere, the re¬ 
sultant thrust on the u hole sur 
face of the hemisphere is equal 
to the weight of the wsttr con¬ 
tained, viz., 'isiifiii, where w is 
the weight of unit volume of 
water, and it acts vcitically 
downwards through G. This 
total thrust $x<Pw is the resul 
tant of the thrust X on the cn 
cular plane base and the thiust R on the cuived surface of the hemi¬ 
sphere, which, as explained in the previous example, must be passing 
through the centie O. The directions of R and X are as shown in the 
figure. 

Let the indination of R and of the plane base to the horizontal 
be <f> and a respectively. Then 

tan a = cot l_ OAG = OAjOG — §.(i) 

Resolving R and X vertically and horizontally, we get 
R sin ^ — X cos o = \TuPw t 
R cos tf> — X sin a = o. 

. , Sna a w + X cos a . . 

tan </> — Xsma . 

Now X being the whole pressure on the circular base, we have 

by 2’8 x, 

X = w.xa*.a sna = XtP sm a.w. 


H 

mm 

HI 

HH 

mm 

$£M 

1 

mSm 


HI 
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Putting the above value of X in (2), we get 

, , Sna 3 w + no 3 sin a cos a.w 

— tan- 1 =—- . - 

Jhr sin* a.w 


— tan 

From (1), we have 

sin a _ 

— F 

Hence, finally 

2 + 3 


, 2 + 3 sin a cos a 
= fan - 1 — J - . 

3 sin* a 


cos a 
3 


V73 ' 


-1 


<j> - tan 


~= tan' -1 


2 4 


7 2 
7 T 


» 3 

x V73* V73 
3 X ?4 

218 


~ tan” 


,-1 io 9 


tvn 


[. Allahabad\ 1919] 

T) 


ji -1 ", - tan - , , 

3 X 1% 3 X 64 96 

(111) A hollow right circular cone filled with water, is held with the 
axis vertical and vertex downwards, "bind the resultant pressure on the por¬ 
tion of the surface contained between tno vet tteal planes throueh the axis, and 
show that if the inclination of these planes to each other be zf 3 and the vertical 
an fit of the cone la, the direction of this resultant pressure makis with the 
vertical an angle equal to 

/ sltl P \ 

V fi tan a' 

Suppose OABDC is the poition of 
the cone filled -with watci. Let ObC be the 
vertical plane of symmetry which bisects the 
angle between the two vcrtieal planes OAC 
and ODC. 

By symmetry the resultant thrust on 
the curved surface must lie in the plane OBC. 

If P be the thrust on each of the planes 
OAC and ODC then their components 
normal to the plane OBC will cancel one 
another, and their resolved parts in the 
plane OBC parallel to BC 
= 2 P sin p 

( b.h tan ah \ . „ 

-— X X w) sin P 

IP t an a sin S 
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where n> is the weight of unit volume of water and b the height of the 
cone. 

The resultant thrust on the portion OABDC of the cone is acting 
vertically downwards and 

= the wt. of the liquid contained 

= £/&. j8r 2 X»> = -—-— w, 
r bemg the radius of the base of the cone. 

This resultant thrust is produced by the resultant thiust R on the 
curved surface OABD and the thrusts on the two plane surfaces OCA 
and OCD. If H and V denote the horizontal and vertical components 
of R, we have 


Hence 


H — 2.P sin p = 

T . 8A 8 tan 2 a 
V — r i 

3 


A 3 tan a sin /3 


tv. 


R = V(«® + V 2 ) - -^ 3 ‘* n ° Vsm 2 p + • 

Finally, the angle of inclination of the diicction of the resultant 
thrust on the curved surface to the vertical 


=- tan- 1 (HjV) 

[‘ 

-i/ SUJ P 


— tan -1 f ^*I an ° sin P w _ P ^ tan * a 


*1 


= tan 


( p tan 


J- 


Examples VI 

i. Find the direction and magnitude of the resultant thrust on 
the curved surface of a hemisphere of radius }", placed with its base 
vertical and centre at a depth of 6" below the free surface of a liquid 
of which one cubic inch weighs w grammes. [Agra, 1938] 

a. A solid hemisphere is immersed in a liquid with the highest 
point of its plane base in the surface, and the base is inclined at an 
angle tan -1 2 to the horizon; show that the resultant thrust on the 
curved surface is equal to twice the weight of the displaced liquid. 

[Agra, 1928] 
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3. A cylindrical vessel full of -water is held with its axis inclined 

at an angle of 45 0 to the veitical. Find the magnitudes of the 
pressures on the ends and show that the resultant pressure on the 
curved surface will equal the diffeienct between the pressures on 
the ends. [Patna, 1931] 

4. A spherical shell is filled -with liquid, find the magnitude and 
line of action of the resultant picssuie on each ot the hemispheres 
divided by any diametrical plane. 

5. A cone floats with its axis horizontal in a liquid of density 
double its own; find the pressuie on its base and pi erne that if 0 be 
the inclination to the vertical of the resultant thiust on the curved 
surface, and a the sc mi-vertical angle of the com, then 

tan 0 = (4/it) tan a. [Lucknow, 1938] 

6. A closed cylinder, whose base diameter is equal to its length, 

is full of water, and hangs freely from a point in its upper rim; prove 
that the vertical and horizontal components are each half the weight 
of the water. [M.T.] 

7. A hollow cone without weight, closed and filled with water, 
is suspended from a point in the rim of its base; if </> be the angle 
which the direction of the icsultant pressure makes with the vertical, 
then show that 

, 28 cot a -} cot 3 a 

a being the semi-vertical angle of the cone 

8. A solid right circular cone of vertical angle 2 a is just im¬ 
mersed m watei so that one geneiator is in the suitace of the liquid; 
prove that the resultant pressure on the curved surface of the cone is 
to the weight of the fluid displaced by the cone, as Vi + 3 sin 3 a: 1, and 
that, it is inclined to the axis of the cone at an angle cot -1 (2 tan a). 

9. A cone whose vertical angle is 2a, has its lowest generator 
horizontal and is filled with liquid; prove that the resultant pressure 
on the curved surface is V1 + 15 sin'a W, where W is the weight 
of the liquid. 

10. A solid octant of a sphere is immersed with one plane face 
in the surface; prove that the resultant pressure on the curved surface 
is (1 + 8/n*) 1/a times the weight of water displaced by the octant. 

11. A solid cone, whose vertical angle is 2a, is immersed in a 
liquid with its vertex in the surface and axis vertical. Prove that if 
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q be the whole pressure on the curved surface and base, and q' the 
resultant pressure, then 

q : Q r :: (2 + 3 sin a): sin o. [Bombay, 1936] 

12. A solid sphere of density Q is placed at the bottom of a vessel 
which is horizontal, and a liquid of density o (< g) is poured in so 
as just to cover up the sphere. The sphere is then cut along the 
vertical diametral plane. Prove that two parts will not separate if 
0 > 4 o* 



CHAPTER IV 


CENTRE OF PRESSURE 

4* 1 * The Problem. When a plane area is in contact 
with a liquid, the pressures acting everywhere normal to 
the area form a system of parallel forces, and in 3*1 we 
have defined the centre of pressure to be the point 0/ 
the plane area at which the resultant of this system of parallel 
fluid thrusts acts. 

If the plane area exposed to the fluid thrust be divided 

into elements of area a l5 a 2 ,., whose depths below the 

surface of zero pressure are £ x , ^ 2 ,., then the thrusts 

on all the elements arc given by 2>a x ^ x > where w denotes 
the weight of unit volume of the liquid. As shown in 2*81, 
the magnitude of the resultant of the thrusts SB'ajfo is 
wSZ, where S is the area of the portion of the plane sur¬ 
face in contact with the liquid and Z the depth of the 
centre of gravity of S. The direction of this resultant thrust 
or whole pressure, is of course normal to the plane area; 
the problem now is to determine the particular point in 
the plane area at which this resultant wSZ acts. 

In 311 we have already stated without proofs the 
position of the centre of pressure, or C. P., for certain 
simple cases. Their proofs will be given now and the 
general question of the determination of centre of pressure 
will be systematically treated. But before we enter into 
details, we make an important observation which will prove 
quite useful in subsequent discussions. 

4* ii . Position of the C. P. unaltered by rotation of 
its plane area. If the plane of an area in contact with a 
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liquid be turned about its line of intersection with the effective 
surface , the position of ; ts centre of pressure relative to the 
area remains unaltered. 

Suppose ABCD is a plane area inclined at an angle 6 to 
the vertical and let 
LM be its line of in¬ 
tersection with the 
effective surface. Let 
the plane ABCD be 
rotated about LM 
until it becomes ver¬ 
tical, so that A', B', 

C'and D' become the 
new positions of A, 

B, C and D respec¬ 
tively. 

If P denotes an 
element of area a at 
depth z, the new 
depth of a being P'N, 
is equal to % sec 0. Since the pressure at a point is pro¬ 
portional to its depth, the effect of the rotation is that 
the thrust on each element of area is multiplied by sec d 
and their directions are all turned through the same angle. 

Now we know from the principles of the Composi¬ 
tion of Parallel Forces that if every force of a system of 
parallel forces be changed in the same ratio, the relative 
position of the point where their resultant acts, remains 
unaltered. This proves the statement. 



4 - i2. Remark. It must be clear from above that 
when for any given plane area our object is to find the position 
on the area of its centre of pressure , there is absolutely no loss 
of generality in supposing the plane of the area to be at any inclina- 








4*2] GEOMETRICAL METHOD FOR FINDING C. P. 


73 


tion or, in particular ^ to be vertical. This may afford a good 
deal of simplicity and convenience in finding the position 
of the C P. relative to the area. 

4*2. Geometrical method for finding C. P. Sup¬ 
pose a plane area ABCD, not 
in a vertical position, is im¬ 
mersed in a liquid. From 
every point of the perimeter 
of the area conceive vertical 
lines drawn to meet the surface 
of zero pressure in the curve 
A'B'C'D'. 

Considering the equili¬ 
brium of the superincumbent 
liquid we find that the only 
vertical forces on it are its 
weight acting downwards 
through its centre of gravity and the vertical component 
of the reaction of the plane area ABCD upon the liquid 
acting upwards at the point of the centre of pressure of 
the area. Since these two balance one another, we con¬ 
clude that the vertical line passing through the centre of 
gravity of the superincumbent liquid meets the plane area 
at the point of its centre of pressure. 

Also since for a homogeneous liquid the pressure 
on an element of the immersed plane area is equal to the 
weight of the column of liquid stand'ng on it, and the 
C. G. of this column is at half the depth of the element of 
area, it is evident that the depth of the C. G. of the 
whole superincumbent liquid will be one half of the depth 
of the C. P. of the plane area. 

•When the plane of the area ABCD is vertical, there 
will be no superincumbent liquid and the foregoing 
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method may seem to fail. But the area may be convenient¬ 
ly rotated about its line of intersection with the effective 
surface and the C. P. of the area in this inclined position 
may be determined by the method just explained. In view 
of the result of 4*11, the same point would give the position 
of the C. P. of the area even when its plane is vertical. 

Thus we have the following rule:— 

The centre of pressure of a plane area in contact with a 
liquid is the point of the area in which it is met by the vertical 
line drawn through the centre of gravity of the superincumbent 
liquid. 

4*2i. Application. We illustrate the application of 
the above method by finding the centre of pressure of a 
rectangular plane area. 

Suppose a rectangle ABCD with its side AB in the sur¬ 
face of the liquid is inclined 
at a finite angle to the ver 
tical plane through AB. 

Drawing verticals 
through all the points on 
AD, DC, CB to meet the 
surface in AD', D'C', C'B 
respectively, we get the 
superincumbent liquid in 
the shape of a triangular 
prism ABC'D'DC. 

If E, F, M be the middle points of the sides AB, 
CD, C'D' respectively, then it is dear that the C. G. of the 
superincumbent liquid coincides with the C. G. of the 
A EFM. Let this C. G. be the point G on the line EN, 
where N is the middle point of FM. 

From G draw a vertical line which meets EF at P. 
Then P is the centre of pressure of the rectangular area 
ABCD. 
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Now GP and NF, being both vertical, are parallel to 
each other. Hence we have 

EP : EF = EG : EN = 2:3. 

Therefore 

EP = % EF. 

In view of 4*11, the position of C. P. will remain un¬ 
altered even when its plane is ’vertical. 

Thus the C. P. of a ret tangle ABCD with the side A 3 
in the surface is at a point P situated on EF such that 
EP — * EF, E and F being the middle points of the sides AB and 
CD respectively. 


Let the 
B 


4-3 Formulae for the depth of the C. P. 

given plane area be vertical 
and let it meet the surface ~" 
of 2ero pressure in the line 
AB. Let ds denote an 
element of area at depth z 
from AB. Suppose the 
centre of pressure of the 
plane area is at the point P 
whose depth is denoted 

by Z- , , 

If Q be the density of the liquid, then the thrust on ds 
is gQzds. The total thrust is the resultant of the system of 
parallel forces of the type gQZ^ s ^ afl d acts at centre 
pressure of the area. 

Now taking moments about the line AB we get 
ZX ='2(&iXf/s X S) 



or 


or 


y 

z ijre* : 

_ 2 /’ds 
^“2zds ' 


(0 
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Z = 


Using the notation of the Integral Calculus , the depth 2 
of the centre of pressure obtained above, may be given by 

Z- 1 -- 8 (z) 

* Jz ds. w 

If the element of area ds be expressed as dx dj>, then the 
formula (2) may be written as 

JJz 2 dx dy 
Jfz dx dy 

When the pressure is not necessarily proportional to 
the depth of the C. P. 

~ _ !L Z P dx dy 
Z ~tfpdx~dy ’ 
where p is the pressure at depth 

Evidently the integrations in (z), (3) and (4) are to be 
so performed that the whole of the given plane area is 
covered. 

By turning the plane area about AB, the relative posi¬ 
tion on the area of its centre of pressure remains unaltered 
[ 4 ’M]- Hence the results obtained above also hold for any 
inclined position of the plane, provided that in this case 
instead of representing ‘depths’, % represents distances from 
AB measured along the line of greatest slope on the plane. 


( 3 ) 


( 4 ) 


4*31. Application to Standard Cases. In 3*11 

the position of the centre of pressure was given without 
proofs for four standard cases. Their proofs can be 
given* in more than one way, but for the sake of simplicity 
and elegance we prefer to establish these results by the 
application of the formulae obtained in the preceding 
section. 

As remarked in 4^12, there is no loss of generality 
in taking the plane of the area to be vertical. Hence, 
although while establishing the proofs, the plane, for the 
sake of simplicity, is taken to be vertical, the results arrived 
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at will be equally applicable even when the plane of the 
area is oblique. 

In what follows the atmospheric pressure is neglected, 
but whenever required, its effect can be easily taken into 
account. 


(i) Centre of pressure of a rectangular area im¬ 
mersed in a homogeneous liquid with one side in 
the surface. 


Suppose the side AB is in the surface ot the liquid. 
Let AB — a and AD = b, and let 
h and F be the middle points of AB 
and DC respectively. 

It is clear from symmetry that 4 

the C. P. will lie on El. n 

Let the depth % from AB be 
measured along EjF. Supposing the 
area to be divided into elementary 
strips parallel to AB, let LM M'L' 
be one of such strips so that AD = % and LL ' = d%. 

If q be the density of the liquid, the pressure on the 
strip LMM'L' is gQZ ad X acting at distance ^ from AB. 
Hence, if 2 denotes the distance of the centre of pressure 
P from AB, we have 




2 2 K d Z 





or z = § b = § EF. 


Remark. The above proof and the result will also 
hold* if the rectangle be replaced by a parallelogram with 
one side in the surface. 
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(ii) Centre of pressure of a triangular area im¬ 
mersed in a liquid with its vertex in the surface and 
base horizontal. 

Let BC — a and D the middle point of BC. Suppose 
AD = y- 

Let the triangular 
area ABC be divided 
by horizontal element¬ 
ary strips like LMM'U. 

The thrusts on all such 
strips will act at their 
middle points which lie 
on the median AD. 

Hence the centre of 
pressure of the triangle will lie on AD, say at the point P. 
Let AE be the perpendicular on BC, and let AR = ^ 
and RR' = d Z . 

Now 

LM _ AR _ % 

BC ~AD~y‘ 


A 



Also 


LM — %a/y. .(1) 

AN __ NN' _ AE _ v . , 

AR~RR'~AD~ * * ’ {Z) 


If w be the specific weight of the liquid, the thrust on 
the strip LM' 

— wX AN x LM.NN' 

= w X K.AR x (a/y)%.K.RR', from (x) and (2) 
= wK\a!y)^dvi. 

Now, if AP = Z, we have 
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4’3i] 


or 


JV* fiff 

_ J o_ __ 4^*0 

* 2 <k [* 

•'0 1 3 J o 

Z - ( 3 / 4 ) Y = ( 3 / 4 ) AD. 


(iii) Centre of pressure of a triangular area im¬ 
mersed in a liquid with one side in the surface. 

In the adjoining figure let BC = a, D be the 
middle point of BC and 
AD = y. 

Suppose the trian¬ 
gular area ABC is 
divided into horizontal 
elementary strips of the 
type LMM'L'. Then 
it is clear that the cen¬ 
tre of pressure of ABC 
will lie on AD. Let this be the point P. Let DR — 
RR' = d% and DA = y. 



Here 


LM = BC X 


AR 

AD~ a 


y-K 

Y 


As in the case (ii), it is seen that the pressure on the 
strip LM' is proportional to 

&z x My - z)/y} <k = Ky — z)z K sa y- 

Hence, if the distance of the centre of pressure DP —Z, 
we get 

~ = zHy - K)z d K. x k 
2X(y - Z)%k 


! 

0 

-<£ 

1 

£ 

<%* 

1 

[ 3 44 

j 

| 7 (y - &vk 

'o 

1 

HI. 

O 
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_ Y 4/ 3 - y */ 4 

Y 8 / 2 _ y 3 /3 1 

or Z = (1/2) Y = (r ji) DA. 

(iv) Centre of pressure of a vertical circular area of 
radius a, totally immersed in a liquid with its centre at 
depth h below the surface. 

It will be found more convenient to use polar coordi¬ 
nates in this case. 

Let C be the centre. Take a 
point N on the area whose polar 
coordinates referred to the centre of 
the circ’e and the downward vertical 
radius be r and 0. 

From symmetry it is clear that 
the C. P. will be on the vertical line 
OCB, say at the point P. 

The area of the small element of 
surface at N is r hr 80, and its depth 
below the surface of the liquid is 
h-\-r cos 0. 

Hence the pressure on this area 

= Mr 8r 8 8 ){b + r cos 0), 

and it acts at a point whose depth from the horizontal 
through the centre is r cos 0. 

Therefore the depth of the C. P. of the circle from the 
centre 

2 1 *"(^ + r cos 8 )r cos 0 dr d 8 

__ •’o J o ___ _ 

z I 1 r(h-\-r cos Q)dr dQ 
Jo Jo 

j o sin 0 + -Jr 3 0 + sin 20]* dr 

\rh 8 -j- r a sin 0] dr 
0 1 Jo 
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1 dr 

= ---= g* 4 * -r \a 2 bn 

\ rhx dr 
■'o 

= (i/4) a 2 /h* 

Thus the depth of the C. P. from the surface of the liquid 
OP = h -f- £a 2 /h. 

Alternative Method 

This result can be established in a simpler manner as 
follows:— 

Let us consider the equi¬ 
librium of a hemispherical mass 
of liquid of which the circular 
area of radius a forms the base. 

The weight of this mass of 
liquid is §itA and acts down - 
wards through the centre of 
gravity G ; this is balanced by 
the thrusts on its bounding sur¬ 
face which is partly curved and 
partly plane. The thrusts on 
the curved surface all pass 
through the centre C and so 
must their resu'iant. The re¬ 
sultant thrust on the circular 
plane is ncPbw and acts through 
the centre of pressure P per¬ 
pendicular to its plane. 

Now taking moments about C, we get 
j xafikw x CP = § secPw x CG = § iui z w x | a, 
or CP = a z /4h. 

Corollary. When the circular area is inclined, say 
at an angleS to the horizontal, the same formula by 4-11 
6 
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will represent the distance CP provided that h denotes 
the slant distance of C from the surface measured along the 
plane of the circle. If, however, h is taken to denote the 
vertical depth of C, then since its distance along the inclined 
plane of the circle will become h cosec 0, the distance CP 
will be given by 

cp= H a8 / h ) 8in9 * 

The above result for the case of inclined circular plane 
can be obtained directly by equating moments of X and the 
weight § gena 3 of the liquid about the point O in the ex¬ 
ample (i) of 3-69. For, from the figure annexed to that 
example, we get 

X’OP = § ge tu^w X OG sin 0, 
or ggna 2 hw X OP = § ggita 3 w X | a sin 6 , 

or OP = 1 (a 2 /h) sin 0 . 

4*4. Analogy in the determination of C .P. and C. G. 

The C. P. being the centre of a system of parallel forces 
consisting of fluid thrusts, the methods for its determination 
ate naturally analogous to those used for the determination 
of the centre of gravity. Almost exacdy as we proceed 
in Statics for finding C. G., we can treat cases of the fol¬ 
lowing types for finding C. P.:— 

(i) If the position of the centre of pressure and thrust on each 
of the two portions into which a given area is divided be known , 
to find the position of the C. P. of the whole area. 

(ii) If the C. P. of and the thrusts on, the whole area and one 
of its two parts into which the area is divided be known, to find the 
C. P, of the other part. 

(iii) To fthd the C. P. of a given area when it can be expressed 
as a combination of several standard types of areas for which the 
C. P. are known. 
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4*41. Illustrative Example. Prote that the depth of the centre 
of pressure of a trapezium tmmersed in u ater s tth the side ‘ >* tn the 
surface and the parallel side 'b‘ at a depth c below the turf ace is 

+ 3 ^\ c 

\a -f zb' 2 

\Calcutta , 1912, Lucknon , 1928, 19^4 1940, Agra, 1934] 

Let ABCD be the trapezium Divide the tiapezium into two 
triangles by joining the 
points A, C. 

It w be the weight of 
unit volume of the liquid, tht 
thrust on the /\ABC 
= w(hcjz)Cic) = 
and it acts, as shown in (11) 
of 4’3I, at 1 depth jbelow 
AD. 

Again, thv. thiust on the /\ACD 

- u(acjz)(cji) — \wac~, 

and it acts, as proved in (111) ol 4*31, at a depth jr below AD. 

Hence, the depth of the C. P. of the trapezium ABCD 

Ji be* y ic + \ivac i X Jr 
Jw ac 1 -1 \wac l 

_ .b\z aJG v 

4 U/j | a \0 

/<*4 ib\ , 

-(.4 zb) ^ 

Examples VII 

1. Prove that the centre of pressure of a triangle ABC immersed 

in a homogeneous liquid with the side BC in the surface, coincides 
with the centre of the two equal forces each acting at the 

middle points of AB and AC, vhere o is the vertical depth of A be¬ 
low BC, A Ae area of the triangle and n> the specific wt of the liquid. 

[. Allahabad , 1931] 

2. The gate of a lock is 10 ft. wide and 18 ft. deep and it has the 
pressure due to 15 ft. of fresh water on one side and 10 ft. of sea 
water on the other side. Find the magnitude and position of the 
resultant pressure on the surface of the gate. 
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[Fresh water weighs 62*3 lbs. per cu. ft. and sea water weighs 
64 lbs. per cu. ft.] [B mares, Eng., 1938] 

3. In the vertical side of a vessel containing water there is a 
square trap-door, opening freely outwards about a hinge in its upper 
edge which is hori2ontal. The length of a side of the door is 3 cm. 
and water rises in the vessel upto the level of the hinge. Find the 
least force (in grammes) that will keep the tiap-door closed. 

4. A triangle is wholly immersed in a liquid with its base in the 

surface. Show that a horizontal straight line drawn through the centre 
of pressure of the triangle divides it into two parts, the pressures on 
which are equal. [Calcutta, 1937] 

j. Prove that the horizontal line through the centre of pressure 
of a rectangle immersed in a liquid with one side in the surface, divides 
the rectangle in two parts, the fluid pressures on which are m the ratib 

4: 5 . 

6. A rectangle is immersed vertically in a heavy homogeneous 
liquid with two of its sides horizontal and at depths a and b below the 
surface. Find the depth of the centic of pressuic. 

[Calcutta, 1918 ; Patna, 1942] 

7. A lamina in the shape of a quadrilateral ABCD has the side 
CD in the surface, and the sides AD, BC vertical and of lengths a 
and fl respectively. Prove that the depth of the centre of pressure is 



8. Find the centre of pressure of a square lamina immersed in a 
fluid, with one vertex in the surface and the diagonal vertical. 

[Allahabad, 1920] 

9. A rhombus is immersed in a liquid with a vertex in the surface 
and the diagonal through the vertex vciucal. Prove that the centre 
of pressure divides the diagonal in the latio 7:5. 

[Nagpur, 1943; Agra, 1927, Allahabad, 1931] 
to. A quadrilateral is immeised m water with two angular 
points in the surface and the other two at depths a and b. If x and J 
are the depths below the suiface of its centres of gravity and pres¬ 
sure respectively, show that, 

6 xy + ab = {a + b). [Allahabad, 1926] 

11. A quadrilateral ABCD, with sides AB, CD parallel (and 
AD, BC equal) is immersed in a homogeneous liquid with AB in 
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the free surface. Show that the centre of picssure will be the inter¬ 
section of the diagonals, if AB — -v/j CD. [Bombay, 1940] 

1 2. ABC is a triangular lamina immersed vertically in water with 
C in the surface and AB horizontal. Show how to divide the area by 
a horizontal line PQ into two portions on which the pressures are 
equal, P and Q being points on AB and BC respectively. 

If b be the length of the perpendieulat fiom C on AB, prove that 
the height above AB of the centre of pressure of the area APQB in the 
above case is 

ib (3 U - 4). [Benares, 1933] 

4*5. Effect of further immersion. When a plane 
area immersed in a liquid is further lowered down, with¬ 
out rotation, the pressure on every element of the area 
will be increased and the C. P. will not remain in its original 
position unlesslthe plane of the area is horizontal. In case 
the plane area is horizontal, the pressure on it everywhere 
will be the same and the position of C. P. and C. G. will be 
coincident; the effect of further lowering the area will be 
to increase uniformly the pressure on all elements without 
causing the position of C. P. and C. G. to separate. Let us 
now consider the problem created on account of further 
immersion of an area which is not necessarily horizontal. 

A plane area is immersed in a homogeneous liquid with its 
centres of gravity and pressure at depths a and b respectively; 
if the whole area is now lowered to a further depth h, without 
rotation, to find the new position of the centre of pressure of the 
area. 


Let G and P be the centres of gravity and pressure 
of the area S at respective depths a and b from the surface 
AB. When the area S is lowered to a depth b, let P v G 1 
denote the points P and G of the area respectively. 

The resultant thrust on the area in the original posi¬ 
tion has been a force gqaS acting at P, where q denotes 
the density of the liquid. The effect of the lowering of 
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the atea, without rotation, to-a further depth b, is to 
increase the pressure at every point A B 

of the area by the same amount which f f 

is ggb. b a 

Since this extra pressure is uniform 
over the whole area, its resultant in S’ j 

the new position of the area, viz., / \> ' G J 

gghS. will act at G v 

Hence in the lowered position 
of the area there are two thrusts— J.—r——- 

the previous thrust gQaS acting at P t X ! P jc, J 
and the additional thrust gghS acting f p i ’ / 

at G v Their resultant thrust is - ^ 

go(a + ti)S acting at a point P' on P]G V which is the 
new position of the centre of pressure of the area. 

By the rule of compounding parallel forces, we have 
P-yP ': P'Gy: : gq/jS : g Q a 9 , 

or PjP' : P'Gj = h : a. . . . . (i) 

If Z denotes the depth of P' from AB, we have by 
taking moments about AB 

7 {b + b) -f- g$bS(a 4 - h) 

Z gQoS + g Q bS ’ 

+ . . . w 

4 ' 5 I - Corollaries. From the foregoing discussions 
certain useful results can be easily deduced. 

(i) We have 

depth of P f — depth of 
b — a , 

= — t—, — • h » 
h -f a 

which is always negative. 
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Hence, as a consequence of further immersion, the 

centre of pressure in the area itself is raised by a distance 

b — a , 

-jr ,— • h . 
h a 

(ii) We have 

the depth of P' — depth of G y 
h 2 -j- 2 ah -j- ab 


a -J- b 


— ( a + h) 


ab — a 2 
a 4 b * 


which varies inversely as a -f- b, that is, as the depth of the 
C G. 


It follows that the greater the value of h , the smaller 
will be the distance between P' and G v so much so that 
when the depth by which the area is lowered tends to 
infinity, the centre of pressure coincides with the centre 
of gravity in the limit. 

This is also evidcnc from the fact that when h is in¬ 
definitely large, the thrust g$aS acting at P 1 is negligibly 
small compared to the thrust gqhS acting at G v and hence 
the point where the resultant of these two thrusts acts, 
i.e., the centre of pressure, will approach G x in measure 
with the comparative greatness of ggbS over ggaS. 

(iii) If the centre of pressure of a given area be known 
when the atmospheric pressure is neglected, its position 
may be easily determined when the atmospheric pressure 
is taken into account. 

For, by 4*5, the effect of taking into account an- at¬ 
mospheric pressure II is equivalent to supposing that the 
given area has been further lowered by a depth II/gp, be¬ 
cause a height 11 /Qg of that liquid would produce the same 
pressure 13 as the atmosphere. 

Note. In working out examples sometimes it may 
prove convenient to suppose that instead of the area being 
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lowered through a depth b, a depth b of the liquid has been 
superimposed on the surface of the liquid. 

4-6. Illustrative Example. A triangle has its base in the sur¬ 
face of a liquid and its vertex downwards ; if the atmospheric pressure be 
equivalent to a height h of water, prove that the centre of pressure will be higher 
by a distance 



than it is when the atmospheric pressure is neglected, where d is the distance of 
the centre of gravity of the triangle below the surface of the water. 

[Lucknow, 1932; Allahabad, 1938] 

Let G be the centre of gravity of the triangle ABC, with its base 
BC in the surface of the liquid, and 
P its centre of pressure when the at¬ 
mospheric pressure is neglected. 

Since d is the depth of G below 
BC, the depth of the vertex A is 3 d, 
and P being at the middle point of the 
median AD —case (111) of 4*31—its 
depth is £ d. Let A be the area of 
the triangle and w the specific weight 
of the liquid. 

When the atmospheric pressure is taken into account, the follow¬ 
ing are the thrusts acting on the triangle :— 

(1) The whole pressure w/\d acting at P, i.c., at depth Id below 
BC. 

(2) The additional thrust w£\h due to the atmospheric pressure 
being taken into account; this acts at G which is at depth d from BC. 

Now, if P' be the new position of the centre of pressure, its depth 
from BC 

_ *>h,d X %d+ w [s,h x d 
w£,d + wt\h 
3 d + zh\d 
d+b) a’ 

Hence, the vertical distance between P and P' 

3 d }d+zh d 

~~z ~ d+b * 2 ' 
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Examples VIII 

1. Find the centre of pressure of an isoceles triangle immersed 

with its plane vertical and its base horizontal half as far below the 
surface as its vertex. [Calcutta, 1911] 

2. A triangle is immersed in a liquid with the base horizon¬ 

tal and vertex in the surface. If the atmospheric pressuie is equivalent 
to a head of H feet of the liquid, find through what height the 
centre of pressure of the triangle is raised in the plant of the 
triangle. [Bombay, 1935] 

3. An equilateral triangle ABC of altitude b has one vertex fixed 

at a depth of 2 h below the surface of a liquid. From the position m 
which BC is horizontal above A, the triangle is turned till BC is again 
horizontal but below A, the plane of the triangle always remaining 
vertical. Show that the shift of the centre of pressurt relative to 
the triangle, is 16/16. [Agra, 1938] 

4. A square lamina is just immersed vertically in water and is 

then lowered through a depth h, it a is the length of the edge of the 
square, prove that the distance of the centre of pressure from the centre 
of the square is a 2 /( 6 a + 126). [Allahabad, 1935] 

j. A rectangle is immersed vertically in watet with two sides 
horizontal and at depths h and a + h respectively below the effective 
surface ; prove that the distance of the C. P. from the upper side is 

ai)b 1 za\ 

3 \ zu j- a ' ‘ 

6. A lectangular area of a height h is immersed vertically in a 
liquid with one side in the surface ; show how to draw a horizontal 
line across the area so that the centres of pressure of the parts of the 
area above and below this line of division shall be equally distant from 
it. 

7. A parallelogram ABCD is immersed in a liquid with A in the 

surface, and BD honzontal. Piove that the centre of pressure P 
lies on AC such that AP . AC = 7:12. [Patna, 1935] 

8. A quadrilateral is immeiscd vertically having two sides of 

lengths 2 a, a parallel to the surface at depths h and zh respectively. 
Show that the depth of the centre of pressure is 3/6/2. [M. T.] 

9. When the depth of the liquid is increased by an amount a, 
the centre of pressure is found to mciease by j, and when instead, 
the depth of the liquid is lncieaed by b, that of the centre of pressure 
is found to mcrease by Show that the depth of the centre of 
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gravity of the area in the original state of the liquid is 
ab(b—a+y — - by). 

to. A plane area is completely immersed in water, its plane 
being vertical, it is made to descend in a vertical plane without any 
rotation and with uniform velocity ; show that the centre of pressure 
approaches the horizontal through its centre of mass with a velocity 
which is inversely proportional to the square of the depth of its 
centre of mass. 

47. Depth of the C. P. of a triangle in terms of 
the depths of its three vertices. Let ABC be a triangle 
with its vertices A , B, C at depths a, 0 , y respectively. 

Through C draw a horizontal line CD to divide the 
given triangle into two L M N 

triangles ACD and BCD. 

Knowing the thrusts 
and the centres of pressure 
of the triangles ACD and 
CBD from (ii) and (iii) of 
4*1 x, and also from 4*5 the 
addidonal thrusts on ac¬ 
count of their immersion 
through depths a and y res¬ 
pectively, we have the thrust 
on the given triangle ABC 
which consists of the following:— 

I. The thrust 2 v x ^CD(y — a) x |(y — a ) on the 
L.ACD acting at its centre of pressure P x , i.e., at depth 
|(y — a) -f a (— £(3 y + a)) from the surface LMN. 

II. The additional thrust on account of further im¬ 
mersion of the t\ACD, viz., iPXiCD(y — a) x a acting at 
the centre of gravity G 1 at depth] §(y — o)+ a (= \ {iy -j- a)) 
from LMN. 

III. The thrust n > x \CD(fi — y) X $(0 — y) on th e 
A BCD acting at its centre of pressure P 2 at depth 
4(0 — Y) + Y (= JO 3 + Y)) from LMN. 
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IV. The additional thrust w x \CD(ji — y) X Y on 
account of immersion acting at G 2 at depth J(jS — y) + 
Y (= §( 2 Y + jSJ) from LAIN. 

We have, therefore, the depth of die centre of pres¬ 
sure of the /\ABC from BC 

[}n>.CD.( Y—a) a Xi(3Y+«)+5»'-CD(Y- a)a X J( 2 Y+a) 

_ +i».CD(fi-vy Xi<£+ y)+^CD(fi- Y)Y Xj( 2 Y-h8)] 

[J»'.CD(y— a) 2 +^.CD(v—a)a + J^.CI9( i 3 -y) 2 

+ ^W’.CD(j8—y)y] 

IKY—a) 2 (?Y+“)+2“(Y-a)(2Y+a)+(^—Y) 2 (j3+Y)+ 
_____ 2 y(^—y)(zy4-j8)] 

[ 2 (Y— >0“+3«(Y —a)+0— Y) 2 + 3 Y(^— Y)j 

.(1) 

a 2 +i g2 +Y 2+^Y+Ya+ ai 8 

= » — a+/3+Y • .W 

after making the necessary simplifications. For, the ex¬ 
pression in the square brackets in the numerator of ( 1 ) 

—(Y— a )(3Y 2 +2aY+u‘“)-}-(0 —y)(0 2 +3Y 2 +20y) 

= 3Y 2 (|8-a)+2Y{(jS 2 -a 2 )- Y( j 8-a)}+( i 33_a3)_ Y ( J 82-a 2 ) 

=Y 2 (/3-a)+ yO 2 - a 2 )+(j8 3 -a 3 ) 

=(/3-a)(a 2 +/3 2 +YH /SY+Va+ajS). 

Agair, the denominator in ( 1 ) 

=(Y— a)(2Y+a)+(^— Y)(^+2Y) 

=(P 2 ~ “ 2 )+Y(2Y+o—za— p—zy + 2j8) 

' a )( a +^+Y)* 

Thus the following important proposition has been 
established :— 

The depth of the centre of pressure of a triangular area 
whose vertices are at depths a, /?, y» is given by 

, a 2 -) p* -t Y 2 1 ^Y + Y a + a P 
2 a+^+Y 

471. Corollary. If one of the vertices of the 
triangle, say A, is in the surface of the liquid, then a = o. 
Hence the rule: 
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The depth of the centre of pressure of a triangle with a ver¬ 
tex in the surface and the other two vertices at depths f$ and y, is 
given by 


3 a + V 8 + j3y 
P + Y 


472. Alternative method. It is possible to prove 
the result given above in the corollary in an independent 
manner, and then to deduce from it the general result of 
47 with the help of the theorem of 47. 

Let ABC be a triangle with the vertex A in the surface. 
Let BC produced meet 
the surface in A'. Let 
the depths of B and C 
be b and c respectively, 
and let AA* = k. 

The thrust on the 

A AA'B 

B 

= w. (bk/ 2) . bj 3 acting at depth bjz below AA'. 

The thrust on the A AA'C 

— w. (ck ji). cj^ acting at depth cjz below AA'. 

Hence, the depth of the C. P. of the A ABC from the 
surface 

_ \wb % k x bj2 — X cjz 
_ P-t* 

b 2 + be + c 2 

= b?-c~.« 

Suppose now that the triangle has been lowered 
through a depth o, so that an additional thrust wf\a. will 
act at its C. G., A being the area of the triangle. 
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Hence the depth of the C. P. in the new position from 
the horizontal through A 



^-)\(* + At-)+"A b+ /) 


w, 


1 +_ 

'A( b -f 


b 2 + be |~ c- + 2.a (b + c) 

2(ja 4“ b + c) 


w 


Denoting by J3 and y the depths of B and C in the lower¬ 
ed position, so that 8 — b -j- a, y =f4-a, we get from 
( 2 ) the depth of the C. P. below the surface of the liquid 

_ _ 1 (^— a ) 2 +(^— a )(V—“)(Y—a) 2 + 2a(^4-Y— 2 a) 

+ ~ " 2(a4-j84-Y) 

_a 2 4- j8 2 4- Y 2 4- £y + ya + a/3 , v 

' 2(a+fi + v) • ‘ * W 

473. Centre of Pressure of any triangle. From 
the result of 47 the following important theorem can be 
deduced:— 


The centre of pressure of any triangular area, wholly immers¬ 
ed in a homogeneous liquid, coincides with the centre of three 
parallel forces acting at the middle points of the sides and of 
magnitudes proportional respectively to the depths of their 
middle points. 
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The depth of the centre of pressure of a triangular 
area whose vertices are at depths a, p, y, is 



= i 


a 2 + p 2 + Y 2 + py + Ya + aP 


a + 0 + Y 

[k(^)x(S+- t ) + k( y + “) 


K 


P + y 


K y - +a + K 

z 


z 

a P 


where K is a constant. 


00 


Since the depths of D, E, F, the middle points of BC, 
CA, AB, are \ (P + y), \ (y + < 0 , i (a -f p) respectively, 
the expression (i) gives the vertical distance from LM N 
of the centre of three parallel forces K(Jp + y)/z, K(y +a)/2, 
K(a -|- p)jz which are proportional to the depths of D, E, 
F respectively and act at these three middle points. 

The above theorem can also be proved in a direct man - 
ner without making use of the result of 47. This is given 
in the next article. 
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4*74. Second Proof. We proceed to prove the 
theorem stated in the last article by making repeated use 
of the principles of compounding parallel forces. 



B 


Suppose in the first instance that the triangle ABC 
has one of the its vertices, A , in the surface of the liquid, 
and B and C at depths 0 and v respectively. Let BC pro¬ 
duced meet the surface at H and suppose D, E, F, JL, M 
and N are the middle points of BC, CA, AB, BH, CH 
and HA respectively. Let AH = k and w the specific 
weight of the liquid. 

The total thrust on the triangle ABH 

— if.ipk.pi} acting at the middle point of 

the median BN 

= acting at F + 1 ' 2 »- 4 ] 3 2 acting at L 

= Xj3 2 at A + z Xj3 2 at B -f Xj8 2 at H, 
where X = 

Similarly, the total thrust on CAH 

— at A + 2 Xy 2 at C + Xy 2 at H. 

Hence, by subtraction, the thrust on the triangle ABC 

= X(/3 3 — Y 2 ) at A -(- aXjS 2 at B — aX.Y 2 at C 
+ X(|8 2 - y 2 ) at H. . . ( 1 ) 

Since BH : CH:: p : y, 

it is clear that the thrust at H, viz. 

X(j8 2 -Y 2 )=-X(j3 + Y)03- Y), 
may be considered as the resuhant of 

— Xy ()3 + y) at B and X/ 3(0 + y) at C. 
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Therefore, the thrust on ABC which is equivalent to (i), 
-= HjP — Y 2 ), i.e., tifi - y)(j3 + Y) at A 

4- 2 XjS a — Iy(£ + Y), i-e., l(P - y)(20 + y) at B 
+ W + Y) - 2XY 2 , i.e., KP ~ Y)(/3 4- 2Y) 

a tC .(2) 

Now if A denotes the area of the triangle ABC, so that 
A = } 2 kp — \ky. 


we have 


KP — v) == — y) = — 2^y) 

— lV A- 

Hence, the thrust on ABC which is equivalent to (2), 
= (»A j™)(P 4 - Y) at yl 4 - (n'Aj™)(*P + y) 

at B 4 - (a'A/i^O 3 4 - 2y) at C 
= {(»'A/ 12 ).I 8 at ^4 4- (»Al lz )‘P at B} 

4 - U^A/t^-Y at ^4 4- (»A/i2).y at C} 

4 - {(s'A/* 2 )^ 4 - Y) at B + (*A/«XP + Y) 
at C> 

= (»A/ 3 )-(£/ 2 ) at F 4 - (»A/ 3 ).(Y/a) at E 
+ OA/3 )-(£+y)/ 2 at-D, 

which are the forces acting at D, E, F, and of magnitudes 
proportional to their depths. 

It may be noted that in the very special case when the 
side BC of ABC is horizontal, i.e., when y = P, BC pro¬ 
duced will not meet the sur¬ 
face and the above proof 
may seem to fail. But 
knowing—case (ii) of4*n— 
that the thrust »A 4 P acts 
at P, where AP = AD, 
it can be shown at once 
that this thrust is equivalent 
to thrust (»A/3 )-(P/ 2 ) at F and at E and (»A b)-P at D. 

Thus it has been shown that the theorem is true for 
every position of a triangle with a vertex in the surface. 


A 
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Next, let us suppose that the vertex A is lowered to 

depth a' from the surface.----- 

Let the new depths of B and ¥ 

C be p' and y' respectively, __ a!__ 

so that P' = a' -f p and ; T 

Y'=a'+Y- $ / y 

On account of the lower- ; F / N. . 

ing of the triangle through a ! / 

depth a', there will be an ; / —' • 

additional thrust ! —"d 

= w. A- a’ acting at the {f* 

C. G. of ABC 

— (®'A/ 3 )- a/ at D + (»A/ 3 K at F -f (b'A/?)- 0 ' a t F. 
Hence, finally the thrust on the triangle 


^A (P + Y 
3 ' a 


-fa'), i.e., 




3 x 2 / 3 2 

+ *4/0 , ) ; •’A ,<+J\ cK 

Thus it is completely proved that the centre of pressure 
of any triangle , wholly immersed in a liquid, coincides with the centre 
of three parallel force* acting at the middle points of the sides 
and of magnitudes proportional respectively to the depths of their 
middle points. 


£+-/« D 


475. Another Proof of the Proposition of 47. 

From the theorem proved above, the depth of the 
C. P. of a triangle with its three vertices at depths a, p, y, 
can be obtained. For, since the C. P. of the triangle coin¬ 
cides with the centre of three parallel forces acting at their 
middle points and proportional in magnitudes to their 
depths, by taking moments about the line of intersection 
of the plane of the triang’e with the surface we get the 
7 
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depth of the C. P. 

w/\ ( p + Y \ 2 , P'A / Y 4- g \ 2 , w_A ( a _±P\ 

__ 3 V 2 ' ' 3 2 3_2_2_ ' 

~ ~q>A P + Y , »A Y + g , M^A a + P 
3 ^ 3 * * 2 3' 2 

Q3 + V) 2 + (Y + a ) 2 + (a + £) 2 

4( a + P + Y) 

_ , ® 2 + P 2 + y 2 + py + yg + g^ 

2- „ _L ft _L V 


We see now that if we start with the proposition of 
47, the result of 473 can be deduced from it. Similarly the 
result of 47 can be deduced from that of 473. 


4*8. Coordinates of the Centre of Pressure. Suppose 
a plane area is immersed in a homogeneous liquid. It 
is required to find the coordinates of its centre of pressure. 
For the sake of simplicity we suppose the plane of the area 
to be vertical. 


Let the line of intersection of the plane of the area 


with the surface of the ( 
liquid be taken as the axis 
of x, and a suitable ver¬ 
tical line in the plane of 
the area as the j-axis, the 
axes being rectangular. 

Divide the given area 
into small elements by 
lines drawn parallel to the 
coordinate axes and con¬ 
sider the element dxdy y 


C 



contained in the strips A 4 B, CD, as shown in the figure. 

The thrust on the element dxdy is wydxdj, and adding 
similar expressions for thrusts on all the elements, we 
see that the total thrust on the given area 
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= 'Zwydxdy 
= JJ wydxdy 

= wS(x B — x A )ydy .(i) 

= w J ABydy, .(2) 

where x B and x A denote the ^-coordinates of the points 
B and A, and the integration is extended over the whole 
of the area. 


If x, y denote the coordinates of the centre of 
pressure of the given area, then taking moments about the 
x-axis, we get 


_ fa’fdxdy 
y $$nydxdy 


(3) 


\ = 


= fab ~^A)f4y 
fan ~x A )ydy 
_ JABy 2 dy 

~ lABydy . ... W 

Again, taking moments about the j-axis, we get 
Hivsydxdy 
fa’jdxayT 
= , fan-x A -)ydy 

2 fan — x A )y4y 

__ , fa fan +_x A )y_dy 
~ * faBy dy ’ * ’ w 

From the knowledge of the equation of the perimeter 
of the given area, x B , x A can be determined. 


(5) 


Note. It is sometimes found possible to deduce from geo¬ 
metrical consideration, symmetry etc., that the centre of pressure 
lies on a particulai line. In such a case it may no longer be 
necessary to find both the coordinates of the C. P. by the above 
formulae, because by finding only one of the coordinates, the other 
coordinate can be easily inferred. This remark will be illustrated in 
some of the worked out examples given below. 


% 4 * 9 . Illustrative Examples. ( 1 ) A semt-nrcular lamina is im¬ 
mersed in a liquid with the diameter in the surface. Find the centre of 
pressure. [Agra, 1928; Allahabad , 1939 , 1942 ] 
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Let the plane of the semi-circle be vertical -with the diameter 
AOB in the surface, there a 0 

being no loss of generality 
in view of the remaik of 

4 * 12 . 

Let OC and OB be the 
two rectangular axes of a 
andj respectively, and let 
the equation of the circle 
be 

x 2 -f j 2 — a 2 . . . . . (i) 

It is obvious from symmetiy (hat the C. P. will lie on OC, so 
that its j-coordinate is zero ; hence it is sufficient to find only its 
x-coordinate. 

Divide the semi-circle into elementary strips parallel to the y-axis. 
Let a typical strip LNM be of bicadth dx at a distance x fiom the 
surface. 

The area of the strip is ijd'x and its thiust rvx z)dx, wheie w 
is the specific weight of the liquid. 

If x be the x-coordinate of the ( P. of the semi-ciicle, we have 



x 


(za \) dx) v \ 


z» x) d\ 


j \ 2 dx 
o 

a 

^ \ d\ 
o 


x 2 \/a 2 x 2 dx 

= „ > from (i). 

xyfa 2 — \ 2 d\ 

Jo 

The denominator in the , l oie 


Putting x a .in 0, the miiw. itoi 

I *72 

- a* J sm 2 0 eo s 0 d6 

-e/ 4 . 1 . $jt. | 1 ' r Jt a*. 

• * X i g it tl. 

Hence, the ( . P. ot the semi-circle lies upon the radius petpendi- 
culai to the bounding diameter at a distance it a ftom the centi e. 

(u) An ellipse is just immersed in water with its major axis vertical. 
Show that tf the centi e of pies sure comc,des with the focus, the eccentricity of 
the ellipse must be [Agra, 1926, 1943] 
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Taking the major and minor axes of lengths 2 a and 2 b, and as axes 
of x and j respectively, the cqaation of the ellipse is 

.(0 


*_ 1/ _ . 

-2 T" 13 . - 


' b 2 

It is clear that the C. p. W ill he on the line ACB. 

Takmg an elementary strip 
PQgyP* parallel to the js a xis at 
depth x belavr (he centre C of the 
ellipse and of thickness dx, the 
thrust on this strip 
= w(a + x)(zydx) = iwy( a + x )dx, 
where w is the specific weight of 
the liquid. 

Now if Z denotes the depth of 
the C. P. fiom C, we have 



Z - 


j 2B J(^ I s .) y x dx 
j z »y(<2 H x) dx 


(*) 


The denominator in the above, being the whole pressure on the 
ellipse, 1 

= w KAb, from 2-81. 

Hence putting the value of ; from (1) in the numerator of (2), 
we have 


ita 2 b. Z — 2 £ j ( a -f x >s/( l ~ 5 >- 

Now putting x = a sin 0, we get 
f*72 

Jt a 2 b.Z — zbefi I (j 4 sin 0 ) cos 2 8 sjj 0 8 ZB 

J-ir/2 

J r /2 

(sin 0 cos 2 0 J- sin 2 0 cos 2 0 ) dQ 

-1T/2 
1 /2 

= za z b\ sin 2 0 cos 2 0^0 
J-!T/S 

fT/2 

= 1 ( in 2 0 — sin * 0 )d 0 

- 4*®* (l . nlz — $ i n/z). 

= 4 tdb . £ (it/ 2 ) j i jta 3 0 

2 = 

Now the C. P. will coincide with the focus, if 


\a ^ ae, 
t =•= i. 


or 
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(iii) A rectangular hexagon of side a is immersed in water with one 
side in the surface. Show that the depth of its centre of pressure is to that of 
of its centre of gravity as 23 :18. [U. P. C. S., 1939]. 

Let ABCDEF be the regular hexagon of side a, with AB in the 



surface. Let O be the centre, and P, Q, R, S, T, U; G, H, I, J, K, L 
be the middle points of OA, OB,... and AB, CD, ... respectively. 

It is clear that 

OA = OB r= OC --- OD OE- OF - a. 

The depths below AB of L, P,Q, H us each a. 

» » >> F,U, 0 ,R,C „ i\f 3 a. 

11 » it F,$jl ,, ii\/i 

»» » » E)J,D ,, \/ 3 a. 

If the area of each of the six triangles into which the hexagon is 
divided be Aj the pressure on each triangle will be equivalent to 
three parallel foiccs acting at the mid-points of their sides and equal 
in magnitude to jw A multiplied by their depths. 

Hence the pressure on the hexagon will be equivalent to a set of 
the following forces :— 

6 forces each acting at a depth a, 

3 4 4 

4 forces each a, acting at a depth— a, 

"2 2 


6 forces each 
1 force . 


3 

j^A 

3 


a, acting at a depth a. 


\/} a, acting at a depth yf 3 a. 
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4 * 9 ] 

Therefore the depth of the C. P. of the hexagon below AB 


K 6 * 

3 






27 a 2 \ , »A 
• 16 ) 3 _ 

■ 3«*] 

[(6X 

v A 
3 

X- 4 Jf ) + ( 4 * 

o'A \/l a \ 

~’-r) 




■ 

3\/ i a \ 1 "'A 

4 ' + 3 ' 

Vi a ] 

vv{ 

l+> 
4 + 

t + V + 1 } 

i+f + I} 



V3*{ 

V x 

.1_ 2 3\/3 

36 * 




The depth of the centre of gravity of the hexagon 



2 


Hence the latio of the depth of theC.P. to the depth of the C. G. 

= n/3* 

36 2 

=- 23 : 18. 

(tv) A trapezium ABCD, having AD, BC as its parallel sides, is 
tmmersed in a liquid mtb its plane tertical. If the comers A, B, C, D art 
at depths a, fl, y, 5 re Spectn ely, pnd the depth of the centre of pressure of 
the trapezium. 

Let the parallel sid-s DA and CB be produced to meet the surface 
of the liquid in E and 
F. Then the given 
trapezium ABCD may 
be considered to be the 
difference of the two 
trapeziums EDCF and 
EABF. 

Let 0 be the incli¬ 
nation of either of the 
parallel sides to the 
horizontal and h the 
perpendicular distance 

between them. C 

Now EA being a cosec 8 , the area of the P\AEF JS J ba cosec 9 
and the thiust on it is w. £ ha cosec 0 .a/3 acting at depth Jo. 
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Similarly* the thrust on the triangle ABF is 
h p cosec 0. i(° + P) 
acting, by the formula of 4*71, at a depth 

, o a + a )3 + P* 

4 a + p • 

Hence the thrust on the trapezium EABF is 

£ wb cosec 0 (a 8 -(- aj 3 + jS 8 ), 

and it acts at a depth 

% wb cosec 0 . o 8 X £ a + f wb cosec 0 . j 3 (a + j 3 ) X — ~t 
____ 2(a + P) 

J wb coscc 0 (a 8 + a |9 -j- / 3 8 ) 

, a 3 +^a a ta )5 + ) 3 i ) 

“ 4 a* + aji3 + /J 8 ~ ' * 

_ (a + / 3 )(a 8 + j 3 8 ) 

a 2 -j- af 3 -f- j8 2 

Similarly, the thrust on the trapezium EDCF is 
$ wh cosec 0 (y 8 -f yb + 8 2 ), 

acting at depth . 

, (Y + S)(y 2 + 8 2 ) 

! Y 2 + Y8 + 5 2 * 


Hence the depth of the C. P. of the given trapezium 
(V-t yS + V) y 

- * Vi co>cc «(«■ + <0 + m . i <±+Mf±JP j 

i »b cosec e (y 8 + yh -f 8 8 ) — J wA co^ec 0 (a 2 + aft + fi 8 ) 

_ ± (l_+ 6 )(Y 8 + S 8 ) - (a + (S)(a 8 4 - £*) 
s (Y 8 + y 8 + 8 2 ) - (a 8 -f a/3 + jS 2 ) * 

(v) Pmw that the depth of the C. P. of a parallelogram two of whose 
sides are horizontal and at depths b, k below the surface of a liquid whose 
density varies as the depth below the surface, is 


b* + Pk + hk 8 + & 
* P + bk + k* 


[Calcutta, 1914 ! 


Let PQfyP* be an elementary strip of area of small 
breadth dr, parallel to the hori- - --— -1——,- 


zontal side of the parallelogram, 
and let its depth below the 
surface be 

Since the density varies as 
Z, the pressure will vary as z 2 
(vide question 11, Ex. U). Let 
the pressure be p^ 2 , where p is 
a constant. 
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The pressure on the elementary strip of the area 

= (wflfffl*). 

Now, if % denotes the depth of the C. P. of the parallelogram, 
we have 

[(p&CP&ddz 

— « * 

x (k 3 -V s ) 
h 3 + h 2 k + hk 2 + k? 

~ * //+ hk -| k? 

(vi) A quadrant of a circle is just immersed vertically in a heavy 
homogeneous liquid with one edge in the 
surface. Find the centre of pressure. 

Let the two edges OA, OB be 
the rectangular axes of x and y res¬ 
pectively. If a be the radius, the 
equation of the curve is 

x 2 +_y a — .(i) 

Denoting by x and y the x and y 
coordinates of the C. P. of the quad¬ 
rant, we get by making use of the 
formulae (j) and (5) of 4 - 8 y 

J a 

xy l dx 

a 

y 2 dx 
0 

I x(a 2 — x 2 ) dx 

— 0-, from (1) 

( a 2 — x 2 ) dx 

. 0 

_ if? 

px - ix s ]“ ^ 

= §«. 






io6 


CENTRE OF PRESSURE 


[4-0- 


Again, 


_ a 

— ^ 


\\j*dxdy 

j jj dxdji j J a dx 
(a 2 ~ x 2 ) 8 ' 8 ^ 


— , from (i). 


(a 2 — x 2 ) dx 
Now, putting x — a sin 9 , we have 
‘ (a 2 - x 2 ) 8/2 <fx 


= ^ 


o 

■72 


cos 4 0 dd = a 4 . £. n/z. 


= 


Also 


Hence 


j‘(.; 2 - x 2 )</x =-H* 3 . 


i = § [iV n^ 4 -r K] = T«JW. 

Thus the C. P. is 

Note. On comparing the above example with the example 
(i) wc observe that the depth of the C. P. below the (surface of the 
liquid would be the same in both cases. But in ex. (l) it was evident 
from symmetry that the C. P. would lie on the vertical radius, so 
that in order to determine the position of C. P., it was quite suffi¬ 
cient to find only its depth. In cx. (vi), however, it becomes neces¬ 
sary to find both the cooidinatcs in order to locate the situation 
of the centre of pressure. 


Examples IX 

1. One end of a horizontal pipe of circular'section is closed by a 
vertical door hinged to the pipe at the top. Find the horizontal 
force that must be applied through the centre of the door on the other 
side of it, so as to keep it just closed, the pipe being just full of a 
heavy liquid. 

2. A hole in the side of a ship is closed by a circular door 5 ft. 
in diameter hinged at the highest point and held inside against the 
water pressure by a fastening at its lowest point. If the highest 
and the lowest points of the door are at depths of 4 and 8 ft., show that 
the least force exerted by the fastening must be 1 • 78 tons. 

[M. T.; U. P. C. S., 1942] 
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3. The vertical wall of a water tank contains a circular door 

whose diameter is 2 ft. and whose centre is 3 ft. below the surface 
of water, the door being hinged at its lowest point. Show that 
the force on the fastening is about 319 lbs. wt. [Lucknow, 1941] 

4. Show that the centre of pressure of a triangular lamina, the 
depths of whose angular points are a, fs, y, is at a depth 

a S. * * 8 9 10 11 + ft 8 + Y 2 — jSy — Ya — aft 
a + + Y 

below the centre of giavity of the lamina. 

5. Show that the depth of the centre of pressure of a rhombus 
totally immersed with one diagonal vciucai and its centre at a depth 
h, is h + a z l(i4i), where a is the length of the vertical diagonal. 

[Allahabad, 1924, 1934] 

6. A parallelogram has its corners at depths h x , h % , h 3 , h„ below 
the surface of a liquid and its centre at a depth h, show that the 
depth of its ctntie of pussure is 

(V + V + V + V + *h*)l(,2h). 

[Agra, 1941 , Allahabad, 1942] 

7 A parallelogram whose plane is vein cal and centre at a d< pth 
h below the suiface, is totally immtised. Show that if a and b are 
the lengths of the projections ot its sides on a t crtical line, then the 
depth of its centre of piessure will bv. 


b f 


a 8 + b i 
1 zb 


S. A square whose side is 2 a is compktel) immeiseel in a homo¬ 
geneous liquid in a vcitical plane with its centre at a depth d Piove 

that the ccntie of p'cssuie is vt tticall) below the antic of the square 

and at a distance $a 2 jd fiom it, whatever be the inclination of the 

sides of the squaie to the -vertical [M. T.] 

9. A uniform elliptic lamina whose axes aie 2 a and zb, is half 
immersed in water, the axis 2b being in thL surface. Find the centre of 
pressure. [Lucknow, 1942] 

10. An ellipse is completely immersed, with its minor axis 

horizontal and at a depth h; find the position of the ctntre of 
pressure. [Allahabad, 1943] 

11. A segment of a parabola, cut off by a double ordinate at a 
distance h fiom the vcitcx, is immersed with this ordinate in the 
surface of a liquid, find the resultant thrust and the position of the 
centre of pressure on the lamina, neglecting the atmospheric pressure. 

[Allahabad, 1937] 
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12. A semi-elbpse bounded by its minor axis is just immersed 
in a liquid,the density of which vanes as the depth; if the minor axis 
be in the surface, find the eccentricity in order that the focus may be 
the centre of pressure. [Allahabad, 1933; • 4 P*i 1 9373 

ij. A circular area is immersed in a liquid with its plane vertical 
and its centre at a depth c. If the area is lowered slowly so that the 
centre is at a depth/(/) at time /, show that the velocity of the centie of 
pressure at that instant is 

where a is the radius. [Bombay, 1935] 

14. A flat circular plate of radius a, lies on a plane inclined at 30° 

to the horizontal, and is subjected to water piessure on one face. Tire 
centre of pressure is at a distance a 116 from the geometric centre. 
Show that the geometric centre is at a dep f h za below the free surface 
of the water. [M T] 

15. A regular hexagon is immersed in water with one side in the 
surface ; find the distance between the centres of pressure of the two 
halves into which it is divided by the horizontal diagonal. 

16 A square lamina ABCD which is immersed in water, has the 
side AB in the surface, draw a line Bh to a point E in CD such that the 
pressures on the two portions may be equal Piove that, if this be the 
case, the distance betwetn the centres of pressuie of the two portions 
is (V 505/48)1?, where a is the side of the square 

17. A rectangle is immersed in two liquids of density q and 2(> 
which do not mix; the top of the rectangle is in the surface of the first 
liquid, and the area immeiscd in each is the same, prove that the centre 
of pressure divides the lcctangle in the latio 7 3 

18. Prove that the centre of pressure of a rhombus immersed 
in two liquids which do not mix, with a vertex in the upper surface and 
a diagonal in the common surface, divides the other diagonal 
in the ratio of 17 * 11, if the density of the lower liquid is twice that 
of the upper liquid. 

19. A fluid of depth 2 a and umform density q is superposed 

on a liquid of density zg and depth greatci than a A circular lamina 
of radius a, is placed with its plane vertical and its centre in the surface 
common to the two liquids. Determine the depth of the centre 
of pressure below the centre of the lamina, neglecting the atmospheric 
pressure. [M. T .] 
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20. If a quadrilateral area is entirely immersed in water, and 
a, j 3 , Y, 8 be the depths of its four corners, and h the depth of its 
centre of gravity, show that the depth of its centre of picssure is 

4(° + 0 + Y + 8) — iOSy + Y“ + A0 + a5 + fib + Y«)/A. 

[M. T.] 


21. ' A rectangle is immersed in fluids of density p, zq, 39,. ,hq; 

the top of the rectangle being in the suiface of the first liquid and 
the area immersed in each liquid being the same, show that the 
depth of the centre of pressure of the rectangle is 

■ v - biz, 

, 2» + I ' 

where h is the depth of the lower side. 

22. An area bounded by the curve ay* = x 3 , the x-axis and the 
ordinate v = a, is immeiscd in water with the axis in the surface. Find 
the coordinates of the centic of pressure. 

23. Find the coordinates of the centre of pressure of the area 


between the curve V* V j — V' 5 * an( l the axes, taking the axes 
to be 1 ectangulai and one of them in the surface. 



CHAPTER V 


EQUILIBRIUM OF FLOATING BODIES 

5*1. General considerations for equilibrium. When 
a solid body is floating in a liquid at rest, then besides the 
gravitational force the body may or may not be subject to 
other external forces. For instance, it may be floating freely 
or floating under constraint in the sense that one or two 
points of it may be fixed, or it may be subject to a tensional 
force applied to it by means of a string attached to some 
point of it, and so on. But whatever be the nature of the 
external forces, there is always present one force associated 
with a floating body and it is the upward vertical thrust 
or the force of buoyancy which in accordance with Archi¬ 
medes’ principle, is equal tc the weight of the liquid dis¬ 
placed by the body. Therefore, whenever we have to deal 
with the equilibrium of a floating body, we have to take 
into consideration the weight of the body, the force of 
buoyancy and other external forces, if any. We then apply 
to these the principles which are used in Statics to treat the 
equilibrium of a set of forces acting on a body. 

5*2. Bodies floating freely. Suppose a body floats 
freely, wholly or partially im¬ 
mersed, in a liquid which is at 
rest under gravity. 

The vertical forces act- 
ing on the body are 

(i) its weight acting 
downwards through its centre 
of gravity; 

(a) the force of buoyancy 
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which is equal to the weight of the liquid displaced and 
acts vertically upwards through the centre of buoyancy, 
which is the C. G. of the displaced liquid. 

The necessary and sufficient conditions for equilibrium 
are that these two forces should be equal and opposite and 
act along the same straight line. 

Hence the conditions of equilibriumfor a body floating 
freely in a liquid are : 

(i) The volume of the liquid displaced must be such that 
its weight would be equal to the weight of the body. 

(ii) The position of the body should be such that the centres 
of gravity of the body and of the displaced liquid must be in the 
same vertical line. 

5‘2i. Volume immersed. If a solid of volume Vand 
mean density q floats in a liquid of density q'(>q), the volume 
immersed is V.q/q'. 

Suppose V' is the volume of the solid immersed. 
Then since the weight of the liquid displaced is equal to 
the weight of the solid, we have 
g Q 'V'=g Q V, 

or V' = V.Q/f. 

If e > e', the solid obviously cannot float. 

Note. In the above pioposition we have used the term mean 
density which may be explained thus. Suppose a hollow ball of 
volume V and weight W is made out of a metal, say iron. Then 
Q will be called the mean density of the ball, if gQ V = W. Clearly Q 
will depend upon the volume V of the ball and will differ from the 
actual density of iron. In calculating mean density of the ball, there¬ 
fore, we must take into account also the space inside. 

Thus we see that although the density of iron is greater than that 
of water, a piece of iron may be made into a shape so that its mean 
density would become less than that of water in which it may then 
float. 
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5*22. Bodies floating in more than one liquid. 

Suppose a body floats partly immersed in one liquid and 
partly in another. Then for equilibrium, the sum of the 
weights of the displaced portions of the two liquids must be equal 
to the weight of the body and the centres of gravity of the body and 
of the whole liquid displaced must be in the same vertical line . 

This includes the case of a body which floats with 
part of its volume immersed in a liquid and the rest in air. 

It is clear that a similar result will be true if the body 
be floating immersed in parts in more than two liquids. 

5*3. Illustrative Examples, (i) A rod of small section and density 
m, has a small piece of lead of weight i jn th that of the rod attached to me 
extremity ; prove that the tod will float at any inclination in a liquid of density 

nf, if 

(n + i ) 2 m = rPnf. [ Lucknow , 1936, 1942; Agra, 1929, 1935] 

Let AB be the tocl floating at any inclination with its part CB 
immersed in the liquid. Then G 
and H being the iriddle points of 
AB and CB respectively aie then 
centres of gravity. 

Suppose AB and CB an of 
lengths za and zx respectively and 
k is the uniform corss-scction of 
the rod. 

The vertical forces acting on 
the rod are: 

(1) The weight zakmg of the rod acting downwards through G. 

(li) The weight 2 akmg\n of the lead acting downwards at B, 

(ni) The force of buoyancy zxkndg equal to the weight of the 
liquid displaced, acting upwaids at H. 

For equilibrium, therefore, we ha\c 

zxkm'g — zakmg + zakmg/n, 

, . am 

xmr — am + , 



or 
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Now taking moments about B, we get 

xxknf g x x = zakmg x a, 
or x 2 mt — a* m, 

or ( — “ ) — a if n, from (1), 

or (» + i) 2 » = 

(ii) A solid sphere floats just immersed in a heterogeneous liquid com¬ 
posed of three liquids which do not mix and whose densities are as 1:2:3. 
If the thickness of the two upper liquids be each one-third of the diameter of 
the sphere, show that the density of the liquid in the middle is equal to the 
density of the shpere. [Allahabad, 1958] 

Let C be the centre of the circle of radius a and ACE its vertical 


A 



diameter. Let q be the density of the sphere and a, 20 and 30 those 
of the three liquids. 

There are four vertical forces acting; three are the upward forces 
of buoyancy each equal to the weight of the respective portion 
of one of the three liquids displaced, and the fourth is the weight of 
the sphere acting downwards. 

The volumes of the uppermost and lowest liquids displaced 
are equal and each 

= in • (**/3) [A 2 - (a 2 + a 2 j 3 -f a»/ 9 )] 

= ana 8 / 9 x 14/9 = 28n0®/8i . 

The volume of the middle liquid displaced 

* = • Mi) • [J«* - («*/9 - a 2 h + « 2 /9)] 

= ttnd». 


8 
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Hence the weights of the three displaced liquids are respectively 
! iag, Ifsca®. 3 ag. 

Since all the four forces pass through the same vertical line ACE, 
we have 

i$su?ag 4- i**ntfiog -f = $nd*Q£, 

<* Wo = 

01 Q = 20. 

(iii) A uniform prism, whose cross-section is an isosceles triangle of 
vertical angle 2a, floats freely in a liquid with its base just immersed, one 
edge being in the surface ; show that the ratio of its density to that of the 
liquid is 2 sin 2 a. [M. T.] 

Let ABC be the section through the C. G. of the prism. Let the 
immersed portion be BCD, so that 
BD is horm>ntal. Let G and H be 
the centres of gravity and buoyancy 
respectively, E the middle point 
of BC and l_A = 2a. 

'Tbs. condmons, of csyitUbeiutn. 
are that 

(1) the line GH must be 
vertical, and 

(2) the weight of the prism 
must be equal to the weight of the 
liquid displaced. 

Since EG = & AE and 
EH — iED, GH is parallel to AD. ~ 

But GH being vertical from (1), AC also must be vertical. 

Now, if / be the length of the pi ism, Q and^o the densities of the 
prism and the liquid respectively, we get from (2) 

gQ X area ABC X l —go x area BCDxl, 
ot Q _ ABCD_ kBDxCP 

o A ABC iBDxAC 
= CD _ BD tan a 
AC AC 

_ AB sin 2a tan a 

~ AC 
_ AC 2 sin a cos a tan a 
AC 



= sin 2 a. 
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Examples X 

1. What fraction of a piece of cork will be outside water in 
which it floats, the specific gravity of cork being o'24 ? 

2. The specific gravity of sea-water is 1 "028 and of ice o'918. 
What fraction of the volume of an iceberg floats out of water ? 

3. A piece of wood weighing 24 giammi s floats in watei with 
§rd of its volume immersed. Find the density and volume of the 
wood. 

4. The specific gravity of ice is 0*92, that of the sea-water is 
1‘025. What depth of water will be n qnired to float a cubical ice¬ 
berg whose side is 100 feet ? 

j. How much water will oveiflow from the edges of a cup just 
full of water when a coik 2 cubic inches in volume is gently placed 
m it so as to float ? (Take the sp. gr. of cork o'24.) 

6. A vessel contains watti and mercuiy. A cube of non 5 cm. 
along each edge, is in equilibrium in the liquids, with its faces vertical 
and honzontal. Deteimine how much it is in e ill liquid, the densities 
of iron and mercury being 7" 7 and 13 "6 uspectivcly. 

7. A uniform cylindti when floating with its axis vcitical in 
distilled watei, sinks to a depth of 3 ' z", and when floating in alcohol 
sinks to a depth of 4". F'nd 'he specific giavity of alcohol. 

8. A wooden solid cube of side one metre floats in water with 
fths of its volume immersed. Calculate the depth to which it will 
sink in a liquid of sp. gr. o'8. 

9. A lcrtangular block of boxwood 10 cm. in depth and of sp. 
gr. o*9 is floating in watti with its upper suiface horizontal. Oil of 
sp. gr. o'6 is poured on to the watti, so as just to cover the block of 
wood. Show that neglecting the buoyancy of the ail, the wood 
will rise through 1' 5 cm. 

10. A vertical cylindei of density 7P/4 floats completely 
immersed in two liquids, the density of the uppci liquid is Q and that of 
the lower 2Q; find the position of equilibrium. 

11. A cylinder of sp. gr. o, floats with its axis vcitical partly in 
one fluid of sp. gr. o 1 and partly in another of sp. gi. <J 2 . Show that 
the common surface divides the axis in the ratio of a—cr a :ff 1 — g. 

12. A right cncular cone, of density g, floats just immersed 
withdts vertex downwards in a vessel containing two liquids of densi¬ 
ties tq and (J 2 respectively; show that the plane of separation of the two 
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liquids cuts off from the axis of the cone a fraction <I(Q — ffj)/(oi — <Jg). 
of its length. [. Allahabad , 1959] 

13. A solid homogeneous right cone of sp. gr. 0 floats in a given 
homogeneous liquid; find the position of equilibrium firstly when the 
vertex is down and the base up; and secondly when the base is down 
and the vertex up. 

14. A hollow conical vessel floats in water with its vertex down¬ 

wards and a certain depth of its axis immersed; when water is poured 
into it upto the level originally immersed, it sinks till its mouth is on 
a level with the surface of the water. What portion of the axis was 
originally immersed 5 [Agra, 1936, M. T.] 

15. A frustum of a right circular cone, cut off by a plant bisect¬ 
ing the axis perpendicularly, floats with its smaller end in water and 
its axis just half immersed. Prove that the sp. gr. of the cone ts 
19/56. 

16. A man whose weight is equal to 160 lbs and whose sp. gr. 

is x ■ 1, can just float in water with his head above the surface by the 
aid of a piece of cork which is wholly immersed. Having given that 
the volume of his head is one sixteenth of his whole volume and that 
the sp. gr. of cork is o' 14, find the \olume of the cork, the weight 
of a cubic foot of water being 62'5 lbs. [ Allahabad , 1931] 

17. A closed cubical v< ssel with walls one inch in thickness is to 
be made of a metal whose sp. gt. is 27/19 Show that in ordtr that 
the vessel may float in water its internal vo'ume must be at least 64 
cubic inches. 

18. A cubical box of one foot external dimension is made of 
material of thickness one inch and floats m water immersed to a depth 
of 3? inches. Not taking air into consideration, determine the 
weight of the box and the amount of water that must be poured in so 
that the water inside and outside may stand at the same level. 

t Agra, 1938] 

19. A steamer in going from salt water into fresh water was ob¬ 
served to sink 2 inches, but after burning 50 tons of coal to rise one 
inch. Supposing the densities of salt and fresh water to be as 65 • 64, 
find the displacement of the steamer in tons. [Lucknow, 1934] 

20. A ship sailing from the sea into a river sinks a inches, and on 
discharging x tons of her cargo rises b inches. If sea-water be one- 
fortieth heavier than river water, prove that the weight of the ship 
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is 41 (ajb ) x tons. Assume the sides of the ship to be vertical at 
water level. [Benares Eng., 1943] 

21. A ship sailing out of the sea into a river sinks through a dis¬ 
tance b feet; on unloading a cargo of weight P, the ship rises through 
c feet; show that the weight of the ship after unloading is 

where <T are Q are the sp. gr. of sea water and liver water respectively. 
The cross-section of the ship near the level of water may be assumed to 
be uniform. [Lucknow, 1931, 1941] 

22. A solid displaces $, £ and \ of its volume respectively when 

it floats in three different fluids; find the volume it displaces when it 
floats in a mixture formed, first of equal volumes of the fluids; second, 
of equal weights of the fluids. [Agra, 1935] 

23. A piece of wood floats in a vessel of water with Jths of its 
volume immersed. Find the additional volume which will be immers¬ 
ed when the vessel is placed in a vacuum, the sp. gr. of air being 
o'ooi3. 

24. A cylinder of wood (sp. gr. f) of length h, floats with its 

axis vertical in water and oil (sp. gr. £), the length of the solid 
in contact with the oil being a (<hjz). Find how much of the wood 
is above the liquids ; also find to what additional depth must oil 
be added so as to cover the cylinder. [I. C. S., 1940] 

25. A small hole is drilled at one end of a thin uniform rod and 
it is filled with soitk much denser metal. It is observed that the rod 
can float in water half immersed and inclined at any angle to the 
vertical. Show that the sp. gr. of the rod is J. 

26. A triangular lamina ABC of density Q floats in a liquid of 
density <j with its plane vertical, the angle B being in the surface of the 
liquid, and the angle A not immersed. Show that 

p : a — sin A cos C : sin B. [. Ijichiow, 1933] 

5 - 4 . A body wholly immersed in a liquid and 
supported by a string. Jf a body rests totally immersed 
in a liquid and is supported by a string, then the vertical 
forces acting on the body are : 

* (i) The tension of the string acting upwards when the 
density of the body is greater than that of the liquid. 
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(ii) The force of buoyancy which is equal to the weight 
of the liquid displaced, and acts upwards. 

fiii) The weight of the body acting downwards. 

Hence, for equilibrium, we have 

Tension of the string + wt of the liquid displaced 
= wt. of the body, 
i.e. Tension of the string 

= wt. oj the body — wt. of the liquid displaced ', . (i) 

or T=W-W' > . . (2) 

where T, W, W' denote respect'vely the tension, the wt. 
of the body and the wt. of the liquid displaced. 

5-41. Weighing a body immersed in a liquid. 

If a body while immersed in a liquid, is weighed by a 
balance, then the tension of the string support’ng the 
body will not indicate its tnie weight; t will indicate, 
as shown in the previous article, only its apparent weight, 
wh'ch is the difference of its real we’ght and the weight 
of the liquid disp’accd by the body. 

Hence whenever a body is weighed in a liquid, the 
weight indicated by the balance is Lss than the actual 
weight b\ the weight of the liquid displaced. 

Obviously a similar discrepancy wi'l arise when a body 
is weighed in air, because the quantities oi air displaced by 
the body and by the “weights” that are used, are generally 
not the same. 

5'42. Corrections for weighing in air. In order 

to ascertain the perfectly accurate weight of a body, the 
weighing should be done in vacuo. But this is neither 
convenient nor always possible. Hence when greater 
accuracy is desired, a correction is applied to the apparent 
weight of the body obtained by weighing it in air. This 
is done, as explained below, by knowing the densities of 
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the body, the substance of which the ‘‘weights” are made 
and of the air. 

When a body of density q, is weighed in air by means of 
“ weights ” whose density is q', to find the true weight of the body 
corresponding to an apparent weight W u , a being the density of 
the air. 

Let W be the true weight of the body corresponding 
to its apparent weight W 0 , which is the sum of the 
“weights” required to balance the body on the other pan. 

Assuming the balance to be correct, the two forces 
supporting the scale pans must be equal Hence, we have 
wt, of the body — wt. of the air displaced by it 
= wt. of tlie ‘‘weights” — wt. of the air dis¬ 
placed by the “weights”. 


or 


W- W -ag = W 0 — Z°‘ag , 
Qf & 0 Qg 6 


(0 


for, from (i) of 1*31, the volume of a substance of weight 
W and density q is Wjqg. 

Hence, we get 

r=r 0 . 1 - a { Q \ ... (2) 

U I — o/q 

Since in general a is much smaller than q and q', 
we may use the Binomial theorem and have 

r=ir 0 (i-a/<?')(i- «/„)-* 

= ^0 ( T — a lQ ')(. 1 + o/e + ° a /e 2 + •••)• • (3) 

Hence, neglecting square and higher powers of 0, we 
get a fairly approximate value of the true weight W from 
the equation 

W=W 0 (i — o/q' + o/q). . . (4) 


% 5*5. Illustrative Examples, (i) If W and w be the weights of a 
body in vacuo and water respectively, prove that the weight in air of sp. gr. 
a will be W — a (W — w). [Patna, 1941] 



120 EQUILIBRIUM OF FLOATING BODIES [5*5- 

The true weight of the body being W, its weight in water is 
w = W — wt. of the displaced water 
— W — vw', 

where v is the volume of the body and nt the weight of unit volume of 
water. 

vaf = W — w. .(1) 

Now the wt. of the body in air 

= W —wt. of the air displaced 
— W— vaaS 

— 1 V — a (W — w), from (1). 

(11) A piece of metal weighing 32 lbs. in water is attached to a piece 
of wood whose weight is 30 lbs. and then the compound bod} is found to » eigh 
12 lbs. m water. Prove that the sp. gr of the wood is o '6 

Suppose the volumes of the metal and the wood are v x and v 2 
respectively and oq and o 2 their sp. gr. If w denotes the weight of 
unit volume of water, we have 

v 2 ajv ==30, ... (1) 

Vl a x w — v x w = 32, . . . (2) 

v x a x w + v 2 ajv — (v x + vj ~ 12. . . (3) 

By substituting from (1) and (2) in (3), we get 
30 + 32 — i 2 w = 12, 
or p%w = 50. 

/. a, — 30/50 = 06 


Examples XI 

x. A piece of silver and a piece of copper fastened to the ends 
of a strmg passing over a pulley, hang in equilibrium when suspend¬ 
ed in a liquid of density 115. Determmc the relative volumes of the 
masses, the densities of silver and copper being 10 47 and 8 89 res¬ 
pectively. 

2. A piece of silvti and a piece of gold are suspended from 
the ends of a balance beam which is in equilibrium when the silver is 
immersed in alcohol and the gold in nitric acid, the densities of gold, 
silver, nitric acid and alcohol being 19 3,10 5, 1 5 and 0*85 res¬ 
pectively. Compare the masses of gold and silver. 

3. The apparent weight of a piece of platinum when i mm ersed 
in water is 20’ 6 gr., when immersed in mercury it is 8 gi. The density 
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of mercury being 13 '6, find the volume and density of the plati¬ 
num. 


4. 37 lbs. of tin loses 5 lbs. in water, 23 lbs. of lead loses 2 lbs. 
in water; a composition of lead and tin weighing 120 lbs. loses 14 lbs. 
in water. Find the proportion of lead to tin in the composition. 

5. A body A weighing 3 grammes is attached to another body B 
weighing 6 grammes, and the whole immersed under water, when they 
are found to weigh 2 grammes. The body B under water alone 
weighs 4 grammes. Find the sp. gravities of A and B. 

6. The apparent weight of a sinket weighed in water, is four 

times the weight in vacuum of a piece of material, whose sp. gr. is 
required; that of the sinker and the piece together is three times that 
weight. Show that the sp. gr. of the material is o' 5. [M. T.] 

7. If a body of mass m x and density is balanced by a mass 
m 2 and density when placed on the pans of a common balance, show 
that 


m x -- 


ti/t. 


/&2 Cs\ 

where £ s is the density of the air. [Benares, 1940] 

8. A body consists of an alloy of two metals of sp. gravities 
x x and s 2 respectively; its weight in vacuo is w and in water is nf. Show 
that the proportion of the two metals by volume is 

Xjw' — (x g — f) w : (x x — 1) » — s x w’. 

9. A body floats in a fluid of sp. gr. s with as much of its volume 
out of the fluid as would be immersed in a second fluid of sp. gr. x', 
if it floated in that fluid. Prove that the sp. gr. of the body is ss'fts+s'). 

10. Two solids arc each weighed in succession in three homoge- .' 
neous liquids of different densities; if the weights of the one are tv x , ‘ 
tv t and tv a and those of the other are W x , W s and W t , prove that 

(r, - ir s ) + (if, - w x ) + ,v 9 <w x - w t ) = o. 

[Benares, 1935] 

11. If*!, tv t , tv 3 be the apparent weights of a given body in fluids ^ 
whose sp. gravities arc s x , s 2 and x s respectively, then show that 

Oa - -fa) + s'sC'a - s i) + ( s i — '*) = o. [Agra, 1933] 

J v f* t r, , ’ 

12. A body immersed in jl liquid is balanced by a weight P to 
whicji it is attached by a thread passing over a fixed pulley, and 
when half immersed, is balanced in the same manner by a weight 
iP. Prove that the densities of the body and liquid are as 3 : 2. 


to 

w-iv 


- • l(«f 





122 EQUILIBRIUM OF FLOATING BODIES [ 5*6- 

i j. A solid whose sp. gr. is 1*85 is weighed in a mixture of alco¬ 
hol of sp. gr. o'82 and water. It weighs 28 • 8 grammes in vacuum 
and 14 4 i grammes in the mixture; find the proportion of alcohol 
present. 

14. A body of sp. gr. a when weighed against a weight of sp. gr. 
Q in water—the whole balance being immersed—appears to have a 
weight W. Show that its true weight is 

. 0— 1 .W. 

a — 1 p 

5 6. Bodies floating under constraint. A body 
wholly or partialy immersed in a liquid may not be float¬ 
ing freely; it may be doing so under some constraint. 
For example, it may have a fixed point about which it may 
be free to turn, or it may have a supporting string attached 
to some point of it. Again if the body is immersed in 
a liquid whose sp. gr. is greater than that of the body, it 
will require some constraining force to prevent it from 
ascending. In such cases, over and above the weight of 
the body and the force of buoyancy, there is also some 
external force brought into play, and for equilibrium of the 
body, we have to take into consideration a! 1 these three 
types of forces. 

5‘6 i . A body immersed in a liquid whose sp. gr. 
is greater than that of the body. If a body be wholly 
immersed in a liquid whose sp. gr. is greater than that of 
the body, then the force of buoyancy will be greater than 
the weight of the body. The body will therefore ascend 
unless some downward force is applied to prevent it from 
doing so. 

If T denotes the downward tensional force, W the 
weight of the body and W' the weight of the liquid displaced, 
then, applying the method of 5 ’4, we shall get the follow¬ 
ing relation :— 


T = W' - W. 
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5-62. The Balloon. The foregoing principle may be illustra¬ 
ted by the case of a balloon. A balloon generally consists of a 
large nearly spherical envelope, made of silk or some other strong and 
light material. It is filled with a gas of less density than air, like coal 
gas or hyeb ogen. A light car for accommodating one or two persons 
may also be attached to the balloon. The size of the balloon is so 
adjusted that the weight of the an displaced is greater than the com¬ 
bined weight o! the balloon and the car holding the aeronauts. The 
balloon thus ascends, and will continue ascending until the weight of 
the ajr displaced becomes ccji-d *0 the weight of ih< balloon and the 
car. 


5*63. A body floating with a string attached to 
a point of it. Suppose 
a body is floating, partly 
immersed in a liquid and 
supported by a string 
attached to the point JL of 
the body. 

Let T be the upward 
tension of the string and 
W the weight of the body 
acting downwards through 
the centre of gravity C. Let Kbe the volume of the liquid 
displaced and w the weight of unit volume of the liquid, 
so that the force of buoyancy is Vw acting upwards 
through the centre of buoyancy H. 

The vertical forces acting on the body are only these 
three, T, W, Vw ; and for equilibrium they must be in the 
same vertical plane. Suppose the verticals through L, G 
and H meet the' horizontal line ABC in the surface in the 
points A, B and C respectively. 

The conditions of equilibrium are , therefore, the following :— 

* T+V»=W, .(1) 

Vw xAC= W x AB .(2) 
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5*64. Body turning about a fixed point. If a float¬ 
ing body be free to turn about a fixed point, then there will 
be a force of reaction at the fixed point. The other two 
forces, the weight of the body and the force of buoyancy, 
being vertical, the reaction also will be vertical, and the 
conditions of equilibrium will be similar to those obtained 
in the preceding article 

The react ; on at the fixed po'nt will be obviously equal 
to the difference of the weight of the body and the force 
of buoyancy, and will act upwards. 


5*7. Illustrative Examples. ()) A balloon of volume V, contains 
a gas whose density is to that of the air at the earth’s surface as 1 ■ 15. If the 
envelope of the balloon be of weight w but of negligible volume, find the 
acceleration with which it will begin to ascend. 

If o be the density of the an at the earth’s surface, that of the gas 

IS t'jO. 

The total mass of the balloon 

-- + »lg 


If f be the lequired acceleration, wi havt 

(-^^cV + w/g) f — the upward fotci oi buoyancy 

— wt. of tin balloon 
=• Vag— (,j\aVg-{ w) - ]*aVg-w, 


or 


^ ^Vag — 15 w 
J Vag-1 i]w & 


(11) A uniform rod of length 2 a and density p, is moveable in a vertical 
plane about one end which is fixed in a liquid of density p' at a depth zb 
below the surface. A liquid of smaller density a is added on the top of the 
first liquid-, if in the oblique position of equiltbtium the rod is just covered 
by the liquid, prove that its inclination to the vertical is 


cos -1 



e'- 


Q- 



[Nagpur, 1942] 
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Let za be the length of the rod AB, the end A being hinged at a 
depth 2 ,b below th< suifacx of 
the liquid of density g'. Let 
G, H v H 2 be the middle points 
of AB, AC, CB lcspectivcly, so 
that G is the C. G. of the rod 
and H x and H 2 the centres of 
buoyancy due to the liquids of 
densities g' and a respect ively. 

Let 0 be the inclination of the 
rod to the vertical. 

The lengths AC, CB of 
the rod in the lowtr and uppei 
liquids aie respectively zb sec 0 and (za — zb sec 0). 

Apart from the reaction at thi hinge, there arc three vertical 
forces acting on the rod. They an : 

(i) The weight of the iod znQg acting downwards at G. 

(z) The force of buoyancy zb sec 0 tfg due to the lower liquid 
acting upwards thiough H v 

(3) The force of buoyancy (za — zb sec ff)ag due to the upper 
liquid acting upwards thiough H,. 

Now taking moments of the foites about the point A, we get 
zaQg X a — zb see 0g ’g X b sec 0 + ( 2 a — zh sec B)ag X 

(a + h sec 0 ), 

or <i 2 g = b 2 scc z 0g' q (a 2 — A z sec z 0)o, 

or tPscc 2 0 (Q' — ff) = a z (g - a), 



Examples XII 

1. Two cubic feet of cork of sp. gr. o' 24 is kept below water by 
a rope fastened to the bottom. Prove that the tension of the rope 
is 9J pounds. 

z* The mass of a balloon and its car is 3000 lbs., the mass of air 
displaced is 3400 lbs.; with what acceleration does the balloon rise ? 
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j. The mass of a balloon and the gas it contains is 3500 lbs. 
If the balloon displace 48000 cu. ft. of air and the mass of a cu. ft. 
of air be 1*25 02s., find the acceleration with which the balloon com¬ 
mences to ascend. 

4. A uniform rod capable of turning about one end, which is 
out of the water, rests inclined to the vertical with onc-third of its 
length in some water. Prove that its sp. gi.isf. [Calcutta, 1938] 

5. A uniform rod rests in a position inclined to the vertical, with 
half its length immersed in water, and car turn about a point in it at 
a distance equal to one-sixth of the length of the rod fiom the extremity 
below the water. Prove that the sp. gr. of the rod is o 125. 

6. A thin rod, of sp. gr. £ and of length 4 ft. floats partly im¬ 

mersed in water, being supported by a string fastened to one end of 
the rod, how much of the rod is immersed > If the upper end of the 
rod is 1 ft above the surface of the water, at v hat angle is the rod 
inclined to the horizontal ? [Allahabad, 1922] 

7. A uniform rod of length za, can turn fiscly about one end 
which is fixed at a height A(< 2 a) above the surfart of a liquid, if the 
densities of the rod and liquid be 0 and a, show that the lod can rest 
either in a vertical position or inclined at an angle 0 to the vertical 
such that 


n h / a 

eos 0 — — . / — 

2tf V tr — p 


[Lucknow , 1932, 1937; Agra 1931, 1928, 1943; Allahabad, 1935] 

8. A solid hemisphere floats in a liquid, completely immersed 
with a point of the rim joined to a fixed point by means of a string. 
Find the inclination of the base to the vertical and rhe tension of the 
string, p, 0 being the densities of the solid and the liquid. 

9. A semicircular cylinder floats in water with its axis fixed in 

the surface of water. If this cylinder be moveable about the fixed 
axis and if its density be half of that of water, show that it will be in 
equilibnum in any position. [Agra, 1939] 

xo. An equilateral triangular lamina suspended freely fiom A, 
rests with the side AB vertical and the side AC bisected by the surface 
of a heavy fluid; prove that the density of the lamina is to that of the 
fluid as ij : 16. 

11. A triangular lamina ABC, of which the sides AB, AC are 
equal, floats in water with BC vertical, and three quarteis of its length 
immersed, being kept in equilibrium in this position by means of a 
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string fastened to A and the bottom of the vessel. Find the sp. gr. 
of the lamina, and show that the tension of the string is g ' T th of the 
weight of the lamina. 

Examples XIII 

1. A thin unifoim rod of v. eight IF has a particle of weight w 
attached to one end. It is floating, in an inclined position in water, 
with this end immersed. Prove that the length of the rod above water 
is #'/(#' + IF) times its v,hole length and that the sp. gt of the rod is 

IF 2 /(v 4 IF) 2 . 

2. A cone of given weight and \olume, floats in a given fluid 
with its vertex downwards, show that the surface of the cone in 
contact with the fluid is least, when the veifical angle of the cone is 
2 tan -1 (i f \/ 2) 

3. A solid hemispheic of ladius a and weight IF is floating in 
liquid, and at a point on the base at a distance c fiom the centre rests 
a weight w, show that the tangent oi the inclination of the axis of the 
hemisphere to the vertical foi the eontsponding position ol equili¬ 
brium, assuming the base of tlx hemisphere to be entirely out of the 
fluid, is 

s ' 

’ a ' W’ 

4. A thin hollow cone, with a base, floats completely immeised 
in water wherever it is plated; show that the vertical angle is 

2 sin~ l £. [Agra, 1928; Allahabad, 1937] 

j. A hollow closed cone of semi-\ ertical angle sin -1 J of metal 
whose specific weight is nf is made of such uniform thickness that it 
will float in all positions wholly submerged in liquid of specific 
weight v. Show that the thickness must be 
\h{ \ — (1 — a//w') 1/s }> 

where h is the external height of the cone. ( Nagpur , 1943] 

6. A rod floats upright partially immersed in a homogeneous 

hquid. Prove that a small increase of atmospheric density will pro¬ 
duce a small rise of the lod proportional to the square of the length 
of the unimmersed portion. [Allahabad, 1943] 

7. A rod of density 9 and length a is freely moveable about one 
end fixed at a depth c below the surface of a liquid of density a; show 
that the rod may restm a position inclined to the vertical provided that 

a lQ> 1 <**/«*• 
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8. A triangular lamina ABC of sp. gr. s floats with its plane 
vertical in water, A being outside the liquid and BC not horizontal. 
The angle A is a right angle and AB = AC. If 0 be the inclination 
of AB to the vertical, prove that 

sin 20 = (2 — 2s)l(it — 1), given j>g. [Nagpur, 193y] 

9. A uniform isosceles triangular lamina of sp. gr. 0 floats in water 
.with its plane vertical, its vertical angle (= 2a) immersed and the base 
wholly above water. Prove that in the position of equilibrium in 
which the base is not horizontal, the sum of the lengths of the immersed 
portions of the two sides is 2 a cos a a where a is the length of one of 
the equal sides; and that a is less than cos 4 a as well as cos 2 a. 

[Hint:—If AD, AE be the lengths immersed, for the second 
part use the condition that (AD + AE)'>2\JAD.AE, and to get 
the other inequality take the extreme case when the base BC is just 
out of the fluid.] 

10. A cylindrical piece (B) of material of sp. gr. p(>i), height 
H, and cross-sectional area j8 rests with its axis vertical at the bottom 
of a cylindrical vessel (A) of cross-sectional area a. A liquid of sp. 
gr. a (> p) is poured into A to a height h such that B does not rise. 
If now water be poured into A until B is completely immersed, show 
that B will have risen a height x, provided x is positive, where x is 

0 ~ f )( h ~ o - ] ' U )- [Allahabad, 1926] 

ri. A cylindrical vessel A, the area of whose cross-section is a 
sq. cm., is placed with its base on a horizontal table. An iron cylinder 
(B) whose height is Hem. and sp.gr. 7 • 5, and the area of whose cross- 
section is ft sq. cm., rests with its axis vertical on the bottom of A. 
Mercury (sp. gr. 13- j) is now poured into At o a depth b cm. Show 
that B will not rise so long as iHP>yb. Water is now poured into A 
until B is immersed. Prove that B will have risen a height 
(t — p/a)(b — 13H/25) cm., 

provided this expression is positive. [M.T.] 

12. A bucket half-full of water is suspended by a string which 
passes over a pulley small enough to let the other end fall into the 
bucket. To this end is tied a ball whose sp. gr. a is greater than 2. 
Show that, if the ball does not touch the bottom of the bucket and if 
no water overflows, equilibrium is possible if the weight of the 
ball He between W and aWj(a - 2), where IT is the weight of the 
bucket and water. [Benares, 1938] 
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[Suppose V is the volume of sphere, yV the volume immersed 
and a> the weight of a unit volume of water. If T be the tension of the 
string, T = Vow — yVw, where (o<Y^i)> 

Also T =W + yVw. 

I V— Vow — zyVw 
— Vow(i — zy I a). 

Vaco — aW(a — zy). 

The max. and mm. values aie given by puttig Y = 0 an d y = J. 
Hence the weight lies between W and olVj(a — 2).] 

13. A cylindrical bucket with watei in it balances a mass M over 
a pulley. A piece of cork, of mass m and sp. gr. <r, is then tied to 
the bottom of the bucket so as to be totally immersed. Prove that 
the tension of the stung will be 

[M. T.s U. P. C. S„ 

and that the pressure on the curved surface of the bucket will be 
greater or less than before according as the volume of the cork has 
to the volume of the water a ratio greater or less than 




[The mass on one side of the pulley is M and on the other M + m, 
hence the latter will descend with a constant acceleration/equal to 

m 

^ m + zM’ 


Considering the equilibrium of the cork, forces acting upon it are 

(1) its weight mg, downwards, 

(2) the tension T of the stung, downwards, 

(3) the upward thiust. 

.'. mf — mg + T — the upward thrust. . . . (1) 

Now the mass of the cork is m. Hence the mass of the water 
displaced is mja. When the mass is falling with an acceleration /, 
the effective weight (as would be shown, for example, by a spring 
balance) will be (m[o)(g —/). Hence the upward thrust on the cork 

= 0*/<0C? — /)• 

Substituting in (1), we get 
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Ot T = (i_I)*(/- < g) 

/1_ \ iMmg 

'0 1 / 2 M -f- m ' 

For the second part, if V and t be the volumes of the water and 
cork respectively and b and H the depths of water before and after the 
cork has been introduced, then 

b:H=V:(v+V). 

The pressure originally on the curved surface was mah . 
where m 1 is the mass of unit volume of water. 

In the second case b has to be replaced by H, and g has to be 
replaced by g — /, for now the effective weight (which produces the 
pressure) pet unit volume of water is m l (g — /). Hence the new 
pressure is 

»i C*—/) • 2.naH . tfH, i.e., m lg ( . maH. iH. 

Hence the new pressure > the old pressure according as 

jMW > 

zM + m < ’ 

or H > Jx + ^L 

b <V aAT 

or *+V> J~^ m 

V <V ^ zAP 

“ V <v/('+»)->•) 

14. Two buckets containing water, the mass of each bu cke t 
with the contained water being M, balance each other over a smooth 
pulley. Two pieces of wood of masses m, nf and specific gravities 
a, o' are then tied to the bottoms of the buckets so as to be wholly 
immersed; prove that the tension of the string attached to the mass 
m is 

_ T V 

a M -j- m -f ' 0 1 • 

ij. If a body floats in liquid with volumes v 1 , v, and V, above 
the surface when the barometric heights are ^ , b t , and h t , prove that 
Vi(v* - VjJ+VsCv, - Vj) + V*(v x - v,) = o. [Calcutta, 1914] 



EXAMPLES 


131 

16. A body floating in water has volumes v x , v 3 , v 3 above the 
surface when the densities of the surrounding air are respectively 
Gi. 6s. (?*• Prove *at 

1 937 ] 

y l V 2 V 3 

17. Prove that, if volumes v and V of two different substances 
balance in vacuum, and volumes v', V balance when weighed in 
liquid, the densities of the substances and the liquid are as 

v'~ V v’ V' 

v 1 V : V v V ' ‘ 

18. A substance whose density is g, is weighed by means of 
weights, the density of which is g'; if 0 be the density of the air, find 
what is the true weight corresponding to any apparent weight. If 
the density of the air increases from 0 to 0', prove that the apparent 
weight of the body is less than its former weight by a fraction 

(q' g)<a' a) 

(g - a)(g ' o') 

of the latter, g' being greater thar Q. [Allahabad, 1932] 

19. A rectangle moveable about an angulai point floats with half 
its area immersed in a liquid. If the angular point lie outside the 
liquid, and if the rectangle floai with its sides equally inclined to the 
vertical, show that the ratio of the density of the rectangle to that of 
the liquid is $b + a : 4 b, where a, b are the sides of the rectangle. 

20. A rectangle, moveable about an angular point which is fixed 
below the surface of a liquid, floats with its sides equally inclined to 
the vertical and with half its area immersed in the liquid. If the 
lengths of the sides be a and b and one of the sides of length b be 
entirely immersed in the liquid, show that the ratio of the density of 
the body to that of the liquid is a — b : 4a. 

21. A uniformlog of square section floats in water with one angle 
below the surface; prove that there are two unsymmctric positions 
of equilibrium, if the sp. gr. of the log be less than 9/32. 



CHAPTER VI 


GASES 

6 'x. Some general properties. It has been pointed out in 
Chap. I that the chief characteristic difference between a liquid and 
a gas is that a liquid is practically incompressible whereas a gas is 
highly compressible and elastic. Gases are also marked for their 
low density and great expansion when heated. Air is the most 
familiar example of a gas just as water is that of a liquid. 

There are certain propeities of gases with which every student 
must be familiar at this stage, and we need not describe here the ex¬ 
periments by means of which those pioperties were first discovered or 
may be demonstrated in the laboratory Every one knows now that 
air has weight, but curiously enough, this important pioperty of the 
heaviness of air remained unknown till compare ti\cly modem times. 
It is said that Aristotle (B C. 384 322) suspecting the truth of it, 
wanted to verify cxpeumcntally if an has any weight. He weighed a 
sheep skin first empty and then inflated with an, and finding that 
the weight was the same in both cases, he concluded that the air was 
a weightless fluid! For many centuries the conclusion of Aristotle’s 
experiment was regarded as decisive and it was not till the time of 
Galileo (1564-1642) that air was generally accepted to be a heavy 
fluid. In fact it was Otto von Guericke of Magdeburg (1602-1686), 
the inventor of air-pumps, who foi the first time conclusively demons¬ 
trated that air has weight, by performing his well-known experiment of 
weighing a flask first full of air and then exhausted of air. 

Again, gases exert pressure as do liquids, and the pressure of a gas 
is measured in the same way as that of a liquid. In the case of a liquid, 
however, the pressure is entirely due to its weight and the external 
pressure, if any, while the pressure of a gas, though affected by the 
action of gravity, depends chiefly upon its volume and temperature. 

It is also known experimentally that the density of a given quantity 
of gas does not remain invariable; in fact it changes with the change of 
its temperature and pressure. In order to compare the densities and 
specific gravities of gases it is, therefore, necessary that they should be 
reduced to the same temperature and pressure. For this purpose the 
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standard temperature is usually taken to be o° C. and the standard 
pressure to be the pressure due to a column of 76 cms. of mercury. 

6 'ii. Specific gravities of some gases. At temperature 
o°C. and pressure 76 cms. of mercury, the following are the specific 
gravities of some of the common gases, watt r being the standard 
substance :— 

Air .o’001293, 

Oxygen .. .. .. .• o’ooi43o. 

Hydrogen. .. •• o’000089, 

Nitrogen .. .. .. o’ooi256, 

Caibon dioxide .. .. •• o’001977. 

It appears fiom above that Hydrogen is much lighter than air, 
it is about one-fourteenth as heavy as air. In fact hydrogen is the 
lightest gas known and htnee for mtasunng sp. gr. of gases, it is 
found more convenient to takt hydiogen as the standard subs¬ 
tance than water. 

6-12. Pressure of the Atmosphere. Torricelli’s 
Experiment. In 1643, Evangelista Torricelli (1608-1647), 
a pupil of Galileo, performed a simple but important ex¬ 
periment to determine the measure of the atmospheric 
pressure. 

A uniform straight glass tube AB about 34 inches 
in length, closed at one end and open at 
the other, is filled with mercury. Then 
closing the open end with the thumb, 
the tube is inverted and placed in a 
trough of mercury with the temporarily 
closed end B immersed in it. On re¬ 
moving the thumb, it is found that 
mercury descends through a certain 
length leaving a vacuum AC at the top 
of the tube with its upper surface C at a 
height of about 29 or 30 inches from the 
level D which is a point inside the tube 
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in the horizontal plane of the mercury surface in the 
trough. 

Now, by 2*2, the pressure inside the tube at level D 
is the same as the pressure outside the tube at the surface of 
mercury. The pressure inside the tube at D is due to a 
column CD of mercury, i.t., ga.CD, where a is the density 
of mercury. The pressure outside the tube at the surface 
of mercury is the pressure due to the atmosphere. Hence 
the atmospheric pressure is ga.CD. 

The space above the surface of mercury in the tube is called 
the Torricellian vacuum. 

Stiictly speaking there is some meicury vapour in the space 
AC; but the pressure produced by it being negligibly small, the 
picssure of the atmosphere may be taken for all practical purposes 
to be ga.CD. 


If Torricelli’s experiment be performed, it will be 
noticed that the height CD of mercury does not remain 
constant ; it is continually changing. It follows, therefore, 
that the pressure of the atmosphere is not constant. 


6*13. Height of the homogeneous atmosphere. 

The atmosphere is not homogeneous; its density 
gradually decreases as one proceeds up from the surface of 
the earth But supposing that the atmosphere is replaced 
by a column of homogeneous air of the same density as at 
the surface of the earth and of height such that the pressure 
produced by this column is the same as the actual atmos¬ 
pheric pressure, then this height of the column of air 
is called the height of the homogeneous atmosphere. 

The height of the homogeneous atmosphere comes 
out to be about 5 miles. 


6'2. The Barometer. The barometer is an instru¬ 
ment which is used for measuring the atmospheric 
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pressure. The glass tube apparatus used in Torricelli’s 
experiment constitutes the simplest type of a barometer. 
Any liquid instead of mercury may be used. But mercury, 
on account of its high specific gravity which is nearly 
13-6, is the best liquid for this purpose, otherwise the 
tube will have to be inconveniently long. For instance, 
if water be used in place of mercury, the tube must be 
more than 33 feet long. 

6'2i. Siphon Barometer. A form of barometer 
very commonly in use is known as the siphon barometer. 

It consists of a bent tube ABC, closed at A and open 
at the end C. The height of the long 
part AB is usually about 32 or 33 inches 
and the cioss-section of this part is much 
smaller than that of BC. Mercury having 
been put into the tube in sufficient quan¬ 
tity to fill the longer limb, the tube is 
placed in a vertical position when the mer¬ 
cury assumes a position of equilibrium as 
shown in the figure, the space AH above 
the mercury being vacuum. 

Tf the horizontal plane of the mercury 
surface in BC intersects AB in D, then as 
explained in 6*12, the pressure of the 
atmosphere is go. ED, where a is the density 
of mercury. 

The height of the barometric column^EDl generally 
varies between 294 and 30 inches of mercury or about 76 
centimetres. The corresponding atmospheric pressure is 
about 14*7 lbs. per square inch. 

*6*22. Graduation of the Barometer. In taking 
the readings of the siphon barometer * (figure of 6*21) 


I I'. 

h 

f 

e: 
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we must keep in view the fact that if the mercury level in 
BA rises, its level in BC must fall and the height of the 
barometric column is the difference of these two levels. 

Suppose k and K are the sectional areas of BA and BC 
respectively, and suppose the mercury level in BA rises 
(falls) by x; then the fall (rise) of the level in BC will be 

. k ' 

by 


Thus an apparent variation of x in the barometric 
column would correspond to a real variation of 


, k 


i.e., of 


k + K 
K 


£ 

Hence an apparent variation of ^ ^x would corres¬ 

pond to a real variation of x. 

For this reason, in the graduation of a barometer the 
distances between successive markings in the long tube are 
generally kept shorter than they are marked in the ratio 
K:k + K 

Thus, in particular, if k and K be 1/10 and 1 sq. inch 
respectively, then the distance given as one inch by the 
graduations on the long tube, must really be kept only 
to/n inch long. 


6’a3. Corrections to the Barometer reading. In order to 
ensure a good degree of accuracy m the barometric readings, it is neces¬ 
sary to apply several types of corrections to the observations taken. 
For a detailed description of these corrections reference may be made 
to any standard book on Physics. In this book, we contend 
ourselves by simply indicating the principal types of corrections 
which are usually applied. 

(i) Correction for capacity. 

If the barometer be not graduated as indicated m 6‘22, but the 
graduations be marked at their actual distances, then the reading of 
the apparent variation must be multiplied by {k 4- K)jK to give the 
true variation. 
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(ii) Correction for temperature. 

Since the mercury and the measuring rod both expand with heat, 
account must be taken of the temperature at which observations are 
made. 

(hi) Correction for capillarity. 

When the mercury is contained in a narrow tube, the capillary 
action has a depressing effect upon the mercury column, so that the top 
of the mercury in the tube is not flat but is convex. 

(iv) Correction for vapour pressure. 

In the Torricellian vacuum there is some mercury vapour the 
pressure of which depresses the column, but its effect is extremely 
small. 

(v) Correction for unequal talue of gravity. 

The value of g is not the same everywheie; it depends on the 
latitude and on the elevation of the place of observation. Hence, 
when barometric observations extending ovei a wide aiea are com¬ 
pared, a correction for unequal value of g is required to be applied. 

6-3. Relation between the Pressure and Volume 
of a gas. Boyle’s Law. The important experimental law, 
given below expresses the relation between the pressure 
and volume of a gas, when the temperature is constant. 
This law, known as Boyle’s law in England, was enunciated 
by Robert Boyle (1626-1691) in 1662 and can be verified 
experimentally. On the continent it is generally attribut¬ 
ed to Marriotte and is called Marnotte’s law. 

Boyle’s Law 

If the temperature of a given mass of gas remains cons¬ 
tant, the pressure varies inversely as its volume; i.e., 

pv = const., 

where p denotes the pressure of the gas and v its volume. 

6*31. Variations from Boyle’s Law. By experiments more 
carefully performed it has been observed that Boyle’s law is not 
perfectly true. For gases like air, oxygen, hydrogen, and nitrogen, 
which are very hard to liquefy, the law is very nearly true for a 
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considerable range of pressures and temperatures. But for easily 
liquefiable gases, such as carbon dioxide and ammonia, the volume is 
found to decrease more rapidly than the pressure increases and the 
deviation from the Boyle’s law is quite appreciable. 

6*32. Perfect Gas. A gas which absolutely obeys 
Boyle’s law is called a perject gas. 

We have just seen that there are no perfect gases; 
air, oxygen, hydrogen and nitrogen may be regarded as 
very approximately perfect gases. In fact a perfect gas is 
only an ideal substance for which Boyle’s law is assumed 
to be true always. 

In this book it is assumed, unless otherwise stated, 
that every gas under discussion is a perfect gas. 

6‘3 3 . Relation between Pressure and Density. Let 

P> v, and q denote respectively the pressure, volume, and 
density of a given mass of gas. When the pressure is 
changed from p to p', suppose v and p become v' and p', 
the temperature remaining unaltered. 

Now, by Boyle’s law, we have 

pv = pV. . ... (1) 

Again, since the mass of the gas remains unaltered, 
we get 

qv= q V. .... (2) 

From (1) and (2), we get 

P/e = P'fa' — const., .... (3) 

01 P = kp, • • ■ • ( 4 ) 

where K is a constant. 

Hence, if the temperature remains unaltered , the pressure 
of a gas is proportional to its density. 

6 4. Effect on Volume of a change of Tempera¬ 
ture. Charles* Law. The volume of a given mass of gas 
changes considerably with change of temperature. The 
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relation connecting the rise of temperature and the increase 
of volume is expressed by an experimental law, known 
as Charles’ law, which is said to have been first obtained 
by J. A. C. Charles in 1787. The discovery of this law is 
also attributed to Dalton and Gay-Lussac who published if, 
independently of each other, in 1801 and 1802 respectively. 

Charles’ Law 

If the pressure of a given mass of gas remains constant, the 
volume of the gas increases by a definite fraction a of its volume 
at o°C. for every degree centigrade of rise in the temperature. 

Thus, if V 0 be the volume of the gas at o°C. and V its 
volume at /°C., then 

V- V 0 = V 0 .a.t, 

or V = V 0 (i -{- at). . . . . (1) 

For air and most of the gases, the value of a , which 
is called the coefficient oj expansion, is 0-003665 or 1/273 
approximately. 

Like Boyle’s law, this law also can be verified by ex¬ 
periments for the descriptions of which reference may be 
made to books on Physics. 

If Q g and q be the densities of the gas at temperatures 
o°C. and f C, respectively, then, since 

mass of the gas = q 0 V 0 = qV, 

we have 

Qo/Q = V/V 0 = 1 + at from (1), 
or o 0 = e (1 + at). . . . (2)' 

6-41. Relation between Pressure, Density and 
Temperature. Suppose the pressure and density of a 
given mass of gas at o°C. temperature are p and g 0 
respectively. Then from (4) of 6-33, we have 

P = -^Qo» ... (1) 

where K is a constant depending upon the nature of the gas. 
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Now if keeping the pressure p unaltered, the tempera¬ 
ture of the gas be raised to t° C., so that the density changes 
from e 0 to g, then from (2) of 6*4, we get 

Co = e( r + at )■ 

Putting this value of p 0 in (1), we have finally 

P - Ko(r + at). ... (2) 

6*42. Absolute Temperature. Suppose a gas 
without liquefying can be continually cooled down till 
its temperature is far below o°C. and that it continues to 
obey Charles’ law, then it is clear from (2) of the preceding 
article that its pressure will vanish, without any change in 
its volume, at a temperature t such that 

x -f- o.t = o, 

or /= ~ i/ a = - 2 7 3°C. 

This temperature, — 273 °C., is called the absolute 
zero, and the temperatures measured from this zero 
point are called absolute temperatures. 

The absolute temperature is generally denoted by T, 
so that corresponding to /°C., the absolute temperature 
T= 1/a + t = 273 + t. 

6 * 43 ’ Relation between Pressure, Volume and 
Absolute Temperature. From (2) of 6*41, we get 
p — Kq( i at) = K.Qa(l /a + t) = KgaT, 

°t p/T = Kq a. 

If V be the volume of a given mass Ji the gas, t hen 

pV/T =Kq aV = Ka(V.e) = Ka X mass of the gas, 
or pVjT = const. . . . (x) 

Hence, if the pressure , volume and absolute temperature 
of a given mass of gai change from p, V, T to /, V', T respec¬ 
tively , then 


pV/T = p'V'/T'. 


. . (2) 
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6*5. Mixture of Gases. The following property 
of gases is deduced from experimental observations :— 

If two gases contained in two closed vessels of different 
volumes, be at the same temperature and pressure , and if a com¬ 
munication is opened between the two vessels, the gases form a 
mixture which has the same pressure and temperature as the 
constituent gases , provided no chemical action takes place between 
them. 

The above experimental fact enables us to establish 
the following proposition:— 

If the pressures of two gases at the same temperature and 
each of volume v, be and p 2 , then the pressure of the mix¬ 
ture of the two gases, when the combined volume is v, is p t + p 2 , 
the temperature remaining unaltered. 

To prove this, suppose the pressure of the second gas 
is changed from p 2 to p 1 before mixing, so that its volume 
alters from v to v\ Then, by Boyle’s law, 

py =PP- .(0 

When the gases are mixed, the volume of the mixture 
is v + v' and by the experimental law stated above, its pres¬ 
sure is p v Now let the volume of the mixture be changed 
to v and suppose the pressure then becomes P. 

Applying Boyle’s law, we get 

Pv = pfv -f- v') = pp -j- p 2 v from (i), 

or P = Pi + P2- • ( 2 ) 

Clearly a similar result will hold true for a mixture 
of any number of gases. The result is known as Dalton’s 
Law for the pressure of a mixture of gases. 

6*51. Pressure of a mixture of gases of different 
volumes. If two gases of volume v x and v 2 and pressures p x 
and p 2 respectively be mixed together to form a mixture of 
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volume V, to find the pressure of the mixture , assuming the 
temperature to remain throughout the same . 

Let us suppose that before the gases are mixed, the 
volume of each is changed to V\ then, by Boyle’s law, 
their pressures will be respectively 


Pj £1 at1 f| PjP a 

y ana y ■ 


Now, if the gases be mixed so that the volume of the 
mixture is V, then by the proposition of 6'5, the pressure 
P of the mixture is given by 


p _ A^i iM 


5 


or 


p _ PlV] + p2 V 2 

V 


. . (I) 


The above result can easily be extended to a mixture 
of more than two gases. 


6*6. Illustrative Examples. ( 1 ) Calculate the height of the homo¬ 
geneous atmosphere at oyro centigrade, when the height of the mercunal bolo¬ 
meter is 76 cms. and the sp.gr. of mercury and air are 13-6 and 0-001293 
respectively. 

If the height of the homogeneous atmosphere be h cm., the pres¬ 
sure on one sq. cm. 


= ifcxo-001293 grammes. 

= 76 x 13*6 grammes. 

, 76 x 13-6 

b = ■— — cm. 

0-001293 


10276000 

— — — meters 

1293 


= 7947'33 ••• meters. 

(ii) A. bubble of gas 100 c. mm. in volume is formed at a depth of 
100 meters in water; find its volume when it reaches the surface, the height 
of the barometer being 76 cm. and the density of mercury 136. 

The height of the water barometer 

= 76 x 13-6 cm. = 10'34 meters approx. 
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The pressure at a depth of 100 meters below the surface of water 
is due to a column of water = (10-34 -f- too) meters. 

If V c. mm. be the volume of the bubble at the surface of water, 
we get by applying Boyle’s law, 

V X 10-34 = too X no-34, 

T , too X 110-34 

or V — - —— c. mm. 

10 34 

= 1067 c. mm. approx. 

(iii) A. hollow cone ts immersed mouth downwards in water the surface 
of which is exposed to the atmospheric pressure. Show how far it may be 
depressed so that the water within the cone may rise half-way up it. 

[1 Calcutta, 1916] 

Let h be the height of the cone and II the atmospheric pressure. 
When the water within the cone has 
risen half-way up, suppose x is the 
depth of the vertex and II' the pres- 1 

sure of the air enclosed within the 
cone. 

Since the volume of a cone is pio- 
portional to the cube of its height, we 
have by Boyle’s law, 

W = ll’(hli)\ 

or II'= 811 . . . . (i) 

Since the pressure at ..the, wai&r 
s urfac e i nside the co ne i s equal to 
the pressure at the came hoii 7 ontal level o utside the cone, we get 
II -f (x + h/z)w — H'— 811 , from < 1), 
or (x + hjz) w = 7II, ... (2) 

where w is the weight of unit volume of water. 

If H be the height of the wattr barometer, then Hw e= II. Hence 
from (2), we get 

(x -f h/z) = 7 H, 

or x = 7 II — hj 2. 

(iv) The radius of a spheie, containing air, is doubled and the temperature 

raised from o°C. to 455°C. Show that the pressure of the air inside the 
sphere fs reduced to one-third its original value, the coefficient of expansion 
of air per i°C. = 1/273. [ 17 . P. C. S., 1938] 

Suppose p 0 , t’ 0 , Q 0 , are the initial values of pressure, volume and 
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density respectively of the air contained in the sphere; let them be 
p, v, Q when the radius is doubled. 

If a be the coefficient of expansion for air, we have by Charles'law 
p = -K6 (i + aT), 
or pv — Kqv (i + or) 

= Km (i + oT), (0 

where m is the mass of the air. 

pM = Km. ( 2 ) 

When the radius is doubled, the volume of the air becomes eight 
times its initial volume. Hence putting in (1), a — and 
/=*45J, we get 

Spv 0 =X»(i + (3) 

From (2) and (3), we have 

,455 = 7*8 
Po 273 273 ’ 

P 9 1 1 

OI Po ~ 273 _ 

or p = J/> 0 . 

Alternative Method 

The example can be done in a shorter way by employing the gas 
equation, namely 

PV 

—y = const. 

In this case we have 

Po-Vq _ P'H 

273 273 + 455’ 

or p = - 7z8 - A , 

^ 8 X 273-™ 

or /> = 

(v) 1000 r. inches of dr under a pressure 20 /Ar. per square inch are 
mixed with 800 f. inches of air under a pressure of 15 /ta. per sq. inch. Find 
the pressure of the mixture when it has a volume of 1500 c. inches , the tempera¬ 
ture being the same in all cases. 

When 1000 c. inches of air at 20 lbs. per square inch pressure is 
expanded to 1500 c. inches, the pressure by Boyle’s law 


1000x20 


lbs. per sq. inch 


1500 1 x 

= -V- lbs. per sq. inch. 
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Similarly, when 800 c. inches of air at 15 lbs. per sq. inch pressure 
is expanded to 1500 c. inches, the pressure 

8oox 15 , 

=-— lbs. per sq. inch 

1500 r ^ 

— 8 lbs. pel sq. inch. 

Hence, the pressure requited, by (2) of 6*5, 

= + 8) lbs. per sq. inch 

= 21^ lbs. per '•q. inch. 


Examples XTV 

1. Given that the sp. gr. of an at the earth’s surface at a given 
place is o 00125 and of mcrcuiy is 15, when the barometer is at 30", 
find the height of ihc homogeneous -itmospheie 

2. If the sp. gi. of air is o 0013 anel that of mercury 13 ■ 568, 
and if the height of the mercury baiomctci is 30 inches, prove that, in 
foot-second units, the value of K fiom the foimula p^K Q is 26092 
gr. appi oximatcly. 

3. Find the height of the homogeneous atmosphcie corres¬ 
ponding to a barometric he tght of 760 mm. of mercury, taking the 
sp. gr. of air o 0013 and that ot mcrcuiy 13 596 [Nagpur, 1933] 

4. The mass of a litre of an at 760 mm. pressure and o°C. is 
1 *290 grammes. Find the mass of 1 cu. meter of air at a pressure of 
1'9 mm. 

5. At a depth of 10 feet in a ponel the volume of an air bubble is 

o’0001 of a cubic inch; find appi ox. what it will be when it reaches the 
surface, if the height of the barometer is 30 inches, and the sp. gr. 
of mercury 13*5. [hucknou , 1934] 

6. A right circular cylinder, open at the lower end and 9 ft. 
in length, is sunk into watei to such a depth that the water rises 
3 J ft. inside it. At what depth is the surface of the water inside 
the cylinder, if the water baiometcr stands at 34 feet ? 

7. A cylindrical tube, 25^" in length, closed at one end, is im¬ 
mersed vertically in watei so that the closed end is in the surface of the 
water. Show that the water will rise 1J inches in the tube, if the height 
of the water barometer be 32 ft. 

i. If the volume of a certain quantity of air at a temperature of 
io°C. be 300 cu. cm., what will be its volume (at the same pressure) 
when its temperature is 20°C. ? [1 Calcutta , 1938] 

10 
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9. At _ sea-level the barometer stands at 750 mm. and the 
temperature is 7°C., while on the top of a mountain it stands at 
400 mm. and the temperature is i3°C. Compare the weights of a 
cubic meter of air at the two places. [Calcutta, 1937] 

10. A litre of air at o°C. and under atmospheric pressure weighs 
1.2 grammes. Find the mass of the air required to produce at 18 °C. 
a pressure of 3 atmospheres in a volume of 75 c. cm. 

xi. A mass of air at temperature 5o°C. and pressure 33 \ inches 
of mercury, is compressed until its density is £ ths of what it was 
before, its temperature at the same time falling to i6°C.; find the 
new pressure. 

12. Some gas occupies a chamber of 80 c. cm. and has a pressure 
of 130 cm. of mercury at I2°C. It is then allowed to expand to 
a volume of xjo c.cm.; determine the temperatuie needed to give it a 
pressure of 76 cm. of mercury. 

13. If a vessel containing 25 grammes of hydrogen at a pressure 
due to 25 inches of mercury is allowed to communicate with one con¬ 
taining 2 • 5 grammes hydrogen at a pressuie of 25 ft. of water, find the 
pressure of the mixture when equilibrium is restored. 

14. Masses m, m* of two gases in which the ratios of the pressuie 
to the density are respectively k and k' art mixed at the same tempeia- 
ture. Prove that the ratio of the pressure to the density in the com¬ 
pound is 


mk + m'k' 
m + m’ 


[M. T.] 


15. The same quantities of atmospheric air are contained in two 
hollow spheres, their internal radii being r,r / and the temperatures 
t,t' respectively; compare the whole pressures on the surfaces. 

16. A room, not hermetically sealed, contains 150 lbs. of air when 
the temperature is io°C. and the pressure equal to 29 inches of mercury. 
What is the weight of the air in the room when the temperature falls to 
o°C. and pressure rises to 30 inches of mercury? 

17. A hollow cylinder of height b, open at the top, is inverted, 
and partly immeised m water with its length a in air. Find the differ¬ 
ence between the water levels outside and inside the cylinder. 

18. A pipe 15 ft. long, closed at the upper end, is placed vertically 
in a tank of the same height; the tank is filled with water; show that, if 
the height of the water barometer be 33 ft. 9 inches, the water will 
rise 3 ft. 9 inches in the pipe. 
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19. A closed air-tight cylinder, of height 2 a, is half full of water 
and half full of air at atmospheric pressuie which is equal to that of a 
column of height h of the water. Watei is intioduced without letting 
the air escape so as to fill an additional height k of the cylinder, and the 
pressure of the base is theteby doubled. Pioic that 

k = a + h — V ah + h 2 . 

20. A piston, the weight of which is equal to the atmosphenc 
pressure on one of its ends, is placed in the middle of a hollow cylinder 
which it exactly fits, so as to leas t a length a at each end filled with 
atmospheric ail. The ends of the cylindci aie then closed and the 
cylinder is placed with its axis inclined at an angle a to the vertical, 
show that the piston will rest at a distance a{( 1 + see 2 a) 1/2 — sec a} 
from the formei position. 

21. A closed cylindei with its axis vcttical is filled with two 
gases which are separated by a hca\y piston. Determine the position 
of the piston, it being given that cithet fluid, f it filled the whole 
cylinder, would support a piessure equal to Jths ot the weight of 
the piston. 

22. A thin conical surface of weight W )ust sinks to the surface 
of a fluid, when immersed with its open end downwards, but 
when immersed with its sertex downwaids a weight equal to m\V 
must be placed within it to make t sink to the same depth as before, 
show that if a be the length ot the axis, b the height of the baio- 
metric column of the fluid, 

ajh — «(i + m) uz . 

23. A volume v of a gas at temperature t and pressuie p is mixed 

with a volume 1' ot anothei gas at temperature t’ and pressure p'. 
If the volume of the mixture is V and the temperature T, find the 
pressure. [Patna, 1955] 

24. A piston without weight fits into a vertical cylinder, closed 
at its base and filled with air, and is initially at the top of the cylinder; 
if water be slowly poured on the top of the piston, show that 
the upper surface of the water will be lowest when the depth of the 
water is (pj ah — b), where h is the height of the water barometer, and 
a the height of the cylinder. 

25- If A> Pi> f i> A> Pa> / 2> A> Ps> h be the corresponding values 
of the pressure, density and temperature of the same gas, show that 
— Psl Pa) + * zip si Ps Pit Qi) + ^sipil Pi — P2I pa) — o. [M.T.] 
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67. Relation between the Altitude and the 
Density of the air. As we ascend from the level of the 
sea. air becomes rarefied and its density changes. We 
establish now a law which, .under certain conditions, 
enables us to determine the way in which density 
changes with the change of altitude. 

If the atmosphere be at rest and the temperature and the force 
of gravity be assumed to remain constant , then, as the altitude in¬ 
creases in Arithmetical Progression, the common difference being 
small, the density diminishes *n Geometrical Progression. 

Take a vertical column of air of unit horizontal cross- 
section, whose axis is the straight line OA. Let 

Hj, H a , H s ,. ,H n be a series of points on OA 

in A.P., so that 

OH, = HjHj = H,H 3 = ... = H„_,H.= 0, 
where /3 is small. 

Now consider the vertical column of air to be 
divided into a number of strata of depth |3 by 
horizontal planes passing through H v H 2 , ... . 

Suppose the densities of the layers passing 
through O, H-y, H z , . . ., H n ~i 2-re qj, g 2 , (?s> • • 

., Q n respectively. Since j 3 is small, the density for 
each layer may be considered uniform and 
equal to that at its lower surface. 

Considering the equilibrium of the layer OH, 
of air, we get 

upward pressure through the face at 0 
= downward pressure through the face at -f wt of 
the layer of air, 

or Kq 1 = -Ke a + gQj/S, 

since the pressure — K x density, K being a constant. 

Similarly, for the columns H X H^ . . ., H n _jH n , 

we have 


iJ 

0 




671] 


DENSITY OF AIR AT A HEIGHT 


149 


K Q 2 = K Q 3 
K Qa = K Qi +£QaP, 

T K Qn-l = K Q n +g"„-lP- 

Hence 

02 = ei(i - Pg/K), 

0 3 = 6 s ( i- po/K) =. Ql (i—pglK)\ 

04 = 0aO - &/£) = 61C 1 - Pg/K) 3 . 

Qn = Qn-lC 1 - Pgl K ) = Ql(l — PglK)”- 1 ' 

It is, therefore, clear that the densities, and conse¬ 
quently also the corresponding pressures, diminish in 
G P., as the altitudes increase in A. P. 

6*71. Density of air at a given height. Referring 
to the figure of the last article if 0 be the density at 
H„, and e, at the starting point O, we have 

0 = 0.(1 ~ Pg/K ) = 0i(i - pg/K)\ 

Putting a |3 = Z, we have 

0 = 0i(* —gZ/nKy. 

Now, if 

gZjtiK = 1 jx, so that n — gZxjK, 
then 0=0i( I — 1 lx)° n,k = 0j[(i — 1 lx)~ m ]~ Btlk 

Now keeping Z constant, let n tend to infinity so that 
x also will tend to infinity, and we get in the limit 

0 — 0i • e "*'*> • • • C 1 ) 

which gives the density of air at a height Z in terms of the 
density at the point from which the height is measured. 

If the starting point be the surface of the earth, then 
(1) gives the density at a height h in terms of the density at 
the surface of the earth. 

It must be noted that the above foimula has been obtained on the 
assumptions that the tempciatuic and g are both constant throughout. 
But since neither of these tv o assumptions is even approximately true 
for large differences of altitudes, the formula can give an approxi¬ 
mately correct result only for small variations in altitudes. 
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Altemative Method 

The formula (1) can be obtained in a simpler manner 
by the use of Integral Calculus ; the proof is given below. 

Taking a vertical column of air as in 67, let p be the 
pressure at a height p + Ap at height % -(- A%> where 
Az is small, and p the density at height We have by 
(4) of 6-33 

P = .( 2 ) 

where K is a constant. 

Now since the thin column AZ of air is being pressed 
upwards with pressure p and downwards with p + Ap> 
we get by considering the equilibrium of this column of 
air 

P=P+AP+gQAZ- 

Taking the limit, we get 

d Pl d Z = -£Q- 

Making use of (2), wc have 


d Ql<k = — Og/K, 



or log y = — Zg/K + a constant C. (3) 

When % = o, let y = y Jt Then 

iog Qi = ~glKyo + C. . . (4) 
Subtracting (4) from (3), we get 

J og 0 /<?i) = - Zgl K > 

or y = Qi . . . (?) 

If p and p x be the pressures corresponding to densities 
y and y x respectively, then we have 

P = Pi .... (6) 

672. Determination of heights by Barometer. 

Let h, h 1 be the barometric readings at the upper and lower 
stations, y and y x the densities of air at these places and % 
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the difference of their altitudes. Then, if p and p x denote 
the atmospheric pressures at those places, we have 

h/hi —P\P\ = q/q v 
But from (5) of 671, we have 

• g-atlk — ft Ik 

or 

or Z = g * log ••• (x) 

which gives the height behveen the two stations in terms of the 
barometric readings at those plates. 

In particular, if h x be the barometric reading at the sur¬ 
face of the earth and h the reading at the place whose height 
is to be determined, then the required height ^ is given by 

(x). 

It was Pascal who foi the first time had suggested the valuable 
idea that in order to form an estimation of the height of a moun¬ 
tain the barometric readings at the foot and at the top of the moun¬ 
tain should be compared. This idea was expci imented upon in 1648 
by his friend Perier who ascended Puy dc Dome in Auvergne 
(France) and observed that the barometric readings had fallen at the 
top of the mountain by ncaily 4 inches. 

6 *8. Faulty Barometers. We have seen that in 
order that a barometer be a correct one, the space above the 
mercury in the long tube must be a vacuum. If this space is 
not a perfect vacuum, the barometer is defective and the 
readings given by it will not be correct. Such barometers 
are usually called faulty barometers , and we shall illustrate 
by means of examples how to deal with faulty barometers. 

£.9. Illustrative Examples. (1) A barometer which has a little 
air in it reads 29.6 mches, the end of the tube being 6 inches above the top 
of mercury, when the true pressure of the atmosphere is 30 inches. What is 
the reading of the barometer when the true pressure is 29 inches 5 
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The length of the tube 

= (29-6 -f- 6) inches = 35 '6 inches. 

The pressure of the air which occupies a length of 6 inches above 
mercury is that due to o -4 (= 30 — 29'6) inch of mercury. 

If the reading of the barometer in the second case be x inches, 
then the length occupied by the air this time is (35 ‘6 — x) inches and 
its pressure is that due to (29 — x) inches of mercury. 

Now applying Boyle’s law, wc have 

(35-6 — x)(29 — x) = 6 X 0-4, 
or x* — 64'6 x -f- 1030 ■= o, 

or (x—32-3)® = 13-29, 

or x— 32-3 = ±3-63 approx., 

or x = 28 -65, 35 -95. 

The value 35-95 being obviously inadmissible, the required 
leading is 28-65 inches. 

(li) A barometer with an imperfect tacuum stands at 29-8 and 29-4 
inches when a correct barometer indicates 30-4 and 29-8 inches respectively. 
When the faulty barometer standi at 29 inches, what will be the reading 
of the correct barometer ? [Bombay, 1936] 

Let x be the length m inches of the column of mercury 
which equals the pressure of the air enclosed in the vacuum of 
the barometer in the thud case. Wc have then the following 
data:— 

Reading in faulty baiomcter— 29-8" 29-4" 29" 

Reading in correct baiometei— 30-4" 29-8" reqd. 

Pressure of the air enclosed— o-6" 0-4" x" 

If the length of the tube be / inches, the lengths occupied by the 
enclosed air in the three cases are respectively / — 29-8, / — 29-4 
and / — 29 inches. 

By Boyle’s law, we have 

(/— 29-8) X o*6 = (/— 29-4) x o*4 = (/ — 29) X x. 

From the first two of the above equations, wc get 
2/ = 178-8 — 117-6, 
or /= 30-6 inches. 

Again, substituting for /, we have 

(30-6 — 29-4) Xo-4 = (30-6 — 29) x x, 
i6x = 4-8, 


or 

or 


x — 0-3. 
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Hence, the required correct leading is 29-3 inches. 

(iii) The readings of a perfect mercurial barometer are a and ft when the 
corresponding readings of a faulty barometer are a and b. Prove that the 
correction to be applied to any reading c of the faulty barometa rs 
_(a-a)(p~_b)(a_-b)_ 

(a—a)(a — c) — (j 3 — b)(b — c) 

\U. P. C. S., 1941; - llluhabad, 1934,1937] 
Let x be the correction require d, and / the length of the tube. By 
Boyle’s law, we have 

(/ — a)(a — a) — (/ — b )((3 — b) = (/ — c)x. 

From the first two, we get 

l(a — /J — a -j- b) -- a(a — a) - b(j 3 — b). 


Again 

Now 

l-b 


b) 

a — ft — a -f- b 

(/- h)(§_~J) 

(' - '). 

a(a - b ) a(a — b) (a — a)(a — b) 

(a - a) - {fT- 1 ) ' = (a - a) - (j 3 - bi’ 


(1) 


. (a -J)(a - 0 -{fS- b)(b - c) 

b) 

Putting the values oi l — b and / — c tn (1), we get 

( a -a){ft-b){a-b) 

“ (a - a)(a - c) (j 3 - b){b - cf 


(lv) If a change from 30 inches to 27 inches in the barometue height 
correspond to a rise in the altitudi of 2290 ft., find the altitude which cories- 
ponds to the barometric height of 24 inches . 

(log 2 =0-3010, log 3 = 0-4771.) 

[Bombay, 1935; Allahabad, 1932, 1940] 
Making use of the formula (6) of 6*71, we get 

30 = />! e~ g^lK, 

where h is the height of the first station and p 1 the pressure at the point 
from which the height is measured. Again 

27 “S>o)/K 

* 24 = Pl e-g(b+H)lK 

where H is the height of the third station above the first. 
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We have 

j}» = e zm a /K t .(i) 

4® = eBalK. .(a) 

From (i), we get 


2290 glk = log, V- = logio V X lo S. 10 - 
From (2), we have 

jr = log. $ = log 10 | X log. 10. 

H = JogyJ = log 10 - 3 log *■ 

' ‘ 2290 log 10 -‘ 8 9 - log 10-2 log } 

_ 1 — ‘9030 _ 0’0970 _ 970 

— 1 — "9J42 0'04j8 458’ 

or I) = - 29 ° ^ ft. = 5 X 970 ft. 

458 

— 4850 ft. 

(v) A station B is at an altitude h above another station A. If 
P B , Pa are the pressures at B and A, prove that 

Pb - Pa e~ 

where H is a constant. 

A hollow gas-tight balloon, containing helium, weighs W lbs. When its 
lowest point touches the ground, it requires a force of w lbs. to prevent it from 
rising. Show that it can float in equilibrium at a height 

II log, (1 + wjW). [Allahabad, 1924] 

For the first part of the question, see the proof of the formula 
(6) of 6*71. 

If V be the volume of the balloon and Q 0 the density of the 
air on the ground, then 

w+W = gQ 0 V. .(1) 

If it floats in equilibrium at a height h above the ground, 
where the density of an is Q, we have 

W=gQV. .(2) 

Also if Pa and P B denote pressures at the surface of the earth 
and at height h respectively, then 

P B = P A e~ h/H , 

Q — (?o e ~ 


or 


(J) 
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From (1) and (2) we get 

Qoln = 1 + »l w, 

ot e h/ H = 1 + 1 vjW from (3), 

or h =Hlog 4 (i + wjW). 

Examples XV 

r. A barometer stands at 30 inches, the -vacuum above the 
mercury being perfect, the aiea of the cross-section of the tube is o - 2 
sq. inch. If o 2 cubic inch of oidinarv air be introduced into the 
vacuum, the mcicury is seen to fall through 3 inches Find the length 
of the original vacuum [Lucknow, 1942] 

2. 10 c cm. of an, measuicd at atmospheric pressure, when 
introduced into a baiometcr vacuum depress the mercury which pre¬ 
viously stood at 76 cm and occupy a volume of 15 c.cm. By how 
much has the mercunal column been depressed 5 

3. A bubble of an having a volume of one cubic inch at a 

pressure of 30 inches of mercuiy escapes up a barometer tube whose 
cross-section is one sqtate inch and whose vacuum is one inch long. 
How much will the mercuiy descend 5 [Benares, 1943] 

4. A faulty baromctei tube 33 inches long contains air at the top 
and consequently reads 28 inches when the true picssuic of the atmos¬ 
phere is 29. Find its reading when the ptessure of the atmosphere is 
28 inches. 

5. A barometei which is known to have some air above the 
mercury is constituted so that the tube can be deptessed into the cis¬ 
tern, thus varying the volume of the tube above the metcury column. 
When the top of the column is 5 inches below the top of the tube, 
the barometer reads 30 inches On depressing the tube by 3 inches 
the barometer reads 29 5 inches Find what would be the correct 
reading when there be no air above the mercury. 

6. The reaebng of a faulty barometer, the tube of which contains 
a quantity of air of length inches, is 28 inches, when the read¬ 
ing of a true barometer is 30 inches. What will be the reading of 
the faulty barometer when the true barometer reads 29 mches 5 

[Agra, 1929] 

7. The height of the Torricellian vacuum in a barometer being 
3 inches, the instrument indicates a pressure of 29 inches when the true 
barometer leads 30 inches. Assuming that the faulty readings are due 
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to the pressure of some air in the vacuum, show that the true reading 
corresponding to any faulty reading h , is A + 3/(3 z — h). 

8. The height of the Torricellian vacuum in a barometer is a 
inches, and the instrument indicates a pressure of b inches of mer¬ 
cury when the true reading is c inches. The faulty readings are due to 
an imperfect vacuum. Prove that the true reading correspondmg to 
an apparent reading of d inches is 

a(c — b) 


d + 


a -f- b — d' 


[Allahabad, 1941; Lucknow, 1928, 1937I 


9. A bent uniform tube has two equal vertical branches close 
together, one end being open and the othei end closed. Mercury is 
poured into the open end and no air escapes. If when the mercury 
just fills the open tube, the an occupies two-thirds of the closed 
branch, piove that the length of cither blanch is equal to three times 
the height of the mcicuiial baromctei. 

10. If a change from 30" to 28" in the height of the barometer 
corresponds to a change of altitude of 1800 ft., find the change of alti¬ 
tude corresponding to a change of barometric height from 30" to 
26-4". 

[log 2 = 0 3010, log 3 -= 0-4771, log 7 = 0-8451, 
log 11 = 1 -0414] 

xi. The density of nicrcuiy is 13-6 and that of air at 760 
mm. pressure 0-001293. Piove that when the reading of the mei- 
cury barometer is 750 mm., its leading at an attitude 500 metres is 
about 704-7 mm., the variation of tempeiature being neglected. 

[log 2 = 0-3010, log 3 — 0-4771, log,io = 2-3026, 
log 70-47 = 1-848.] . [Eombaj, 1937] 


12. Assuming that ? change from 30" to 27 inches in the height 
of the baiometer corresponds to an altitude of 2700 ft., find the alti¬ 
tude corresponding to the height 21 -87" of the barometer. 

.flog 3 = 0 ’47710 [Benares, 1934] 

- 13. A cylindrical well of depth h and section A is maintained at 
_ ’ constant temperature. If g 0 and are the densities of the air at tbs' 
, 0\top and bottom, show that the total amount of air contained is 


L X M 


1 - Q o) 

log Qi — log e 0 ‘ 


\ Bomba), 1936] 


14. A heavy gas at constant temperature is confined in a vertical 



EXAMPLES 


IS7, 

cylinder of height h. If Q 0 be the density at the base, prove that the 
mean density is 

15. A box is filled with a heavy gas at uniform temperature. 
Prove that if a is the altitude of the highest point above the lowest, 
and jft and^>' are the pressures at these points, the ratio of the pressure 
to the density at any point is equal to 

ao 

log (Pip)' [Nt’fytir, 1931I 



CHAPTER VII 


MACHINES DEPENDING UPON 
FLUID PROPERTIES 

71. Utilization of fluid properties. In previous 
chapters we have obtained a number of properties of 
liquids and gases. We have seen in the case of Bramah’s 
press [1*25] how the principle of the transmissibility of 
pressure is utilized in producing enormously big forces. 
There is a large number of machines and instruments 
which depend for their working on the properties of 
fluids. In order to illustrate the application of these pro¬ 
perties we select some simple machines and explain the 
principles on which they work. For detailed mechanical 
descriptions, reference may be made to some suitable 
technical book on the subject. 

7 - 2. The Diving Bell. This machine made of metal, 
is a hollow, nearly cylindrical, or 
bell-shaped, vessel closed at the 
top and open at its lower end. It 
is sufficiently heavy to sink under 
its own weight along with the air 
enclosed in it. Its object is to en¬ 
able divers to go to the bottom of 
deep waters in order to lay the 
foundation of piers or to do such 
other operations as are required 
there. It is usually capable of providing seating accommo¬ 
dation for several persons on platforms, as shown in the 
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figure. The machine is lowered into water by means of 
a chain attached to its top. 

When the bell goes down into water, the pressure of 
the enclosed air increases, because the pressure of this air 
is always the same as that at the level of the water with 
which it is in contact. In virtue of Boyle’s law, the volume 
of the enclosed air decreases and the water rises in the 
bell to a height which increases with the depth of the bell 
from the surface of the water. 

The machine is provided with a tube connecting the 
interior of the bell with the atmospheric air. Through 
this tube fresh air can be pumped into the bell to ensure a 
sufficient supply of oxygen and to adjust the amount of 
air in order to keep the water at any desired level inside 
the bell. There is another tube through which the air 
from the inside of the bell can be taken out. 

Considering the equilibrium of the machine we find 
that the tension of the chain is equal to the difference of 
the weight of the bell together with the air enclosed and 
the weight of the water displaced by it. As the bell 
descends, if no additional air from outside be pumped in, 
the volume of the enclosed air becomes less and less and 
therefore the volume of the water displaced by the bell 
steadily decreases. Consequently the tension of the chain 
becomes greater and greater as the bell goes down lower 
and lower. 

7*21. Problems on the Diving Bell. A cylindrical 
diving bell of height b is lowered into water till its top is at 
depth a below the water surface. If the temperature ts 
assumed to remain constant to find 

(1) the rise of water tn the bell, 

»(ii) the tension of the chain at this depth , and 
(lii) the volume of air at atmospheric pressure that must 
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be forced in from above so that no water may remain within the 
bell. 

(i) When the top AD of the bell ABCD is at depth 
a from the water surface LM, 
suppose the water inside the bell 
has risen to the level A'D*. Then 
the ait which originally occupied 
the space ABCD is compressed 
to AA'D'D. Let AA' = x, and 
K the internal cross-section of the 
bell. 

If h be the height of the 
water barometer, w the weight 
of unit volume of water and II the atmospheric pressure, 
then 

11 —wh. .... (i) 

The pressure of the compressed volume AA'DD' 
of air, being the same as the pressure at the water level 
A'D', is w (x -f- a) II, or w(x a + h). The original 
volume ABCD of air was at atmospheric pressure II. 
Hence applying Boyle’s law, we get 

wh X bK = w (x + a + h) X xK, 
or x® -f (a + h)x — hb — o, . . . (2) 

which is a quadratic equation in x having one positive and 
one negative root. Taking the positive root, the required 
rise of water in the bell will be given by b — x. 

(ii) Let T denote the tension of the chain which sup¬ 
ports the bell and W the weight of the bell. The tension 
is equal to the weight of the bell together with the air en¬ 
closed, less the weight of the water displaced. Hence, 
neglecting the weight of the enclosed air which is very 
small, we have 



T= W — wKx. 


• • (3) 
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(iii) Let V be the volume of the original air at at¬ 
mospheric pressure II contained in the bell, and suppose 
V' is the volume of the air at atmospheric pressure that 
must be forced in so that the water level may be kept at BC. 
The pressure of the air in this case, being the same as the 
pressure at the water level BC, will be w (a -f b) + II, or 
w {a + b + h). 

Since a total volume (V + V') of ah at pressure 
II( = wh) has been compressed to volume V at pressure 
w{a -j- b -f- h), it follows by Boyle’s law that 
(V + V).wh = V,n> {ab h), 

or • • • (4) 


which gives the required volume of the air that must be 
forced in to keep the bell free from water. 

Let us suppose now that the bell is made to descend 
with a uniform velocity v, that is, a is increasing at a uni¬ 
form rate v. Then it follows by differentiating the above 
equation (4) with regard to time, that the rate at which 
the atmospheric air must be pumped in to keep the bell 
free from water, is 



( 5 ) 


7*22. Illustrative Examples. (1) A cylindrical diving bell, whose 
height is 6 feet, is let down itll its top is at a depth of 80 ft. Find the 
pressure of the contained air, the height of the water barometer being }$$ft. 

[Patna, 1941] 

If a be the depth of the top of the bell below the water, b its 
height, b the height of the water barometer and x the length of the bell 
occupied by the compressed air, then we have from yai (2), 
x* + (a + h)x — hb — o. 

Putting the values of a, b and h in the above, we get 
x 2 + (80 -f 100/3) * — 6 X 100/3 = °, 
or 3X 2 -f- 340X — 600 = o, 

or * = — 170 + V(i7o) a + 1800} 

= 5/3 ft. nearly. 


11 
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Now, if w be the -weight of unit volume of water, the pressure 
of the contained air 

= (80 + 5/3 + 100/}> 

= ( 345 / 3 ) # ' 

= 3 -45 atmospheres (nearly). 

(ii) ^4 cylindrical diving bell of height a is furnished with a barometer 
and lowered into a fluid , the height of the mercury in the barometer before and 
after immersion being h. If respectively. Show that the depth of the bottom 
of the bell below the surface of the fluid is equal to { 0 /ft + ajlf){l/ — h ), where 
0 is the sp. gy. of mercury and ft that of the fluid. [ Allahabad, 1933] 

Let d be the depth of the top of the bell and x be the length 
occupied by air. Then 

h'O = h 0 + (d+ x)ft. 

By Boyle’s law 

h'x — ha. 

h '6 = hO + (d+half/)ft, 
or {If — h) . 0 /ft = d + ahf!/, 
or d + a — {If — b) 0 lft + a — ahjlf 

= ~ 20 e//3 + (^-*)«/*' 

= (// - h)( 6 lft + alh% 

(iii) If a cylindrical diving bell of height 
a whose chamber could contain a weight W 
of water, be lowered so that the depth of the highest point is d, prove 
that when the temperature is raised t°, the tension of the supporting chain is 
diminished by 

Wbt 

Ty/({h + + nearb ' 

b being the height of the water barometer and T the absolute temperature. 

[M. T .] 

If x he the length occupied by the compressed air at tempera¬ 
ture T, then we have from yai (2), 

x* + x{h + d) — ah = o. .(1) 

In the second case when the temperature has been raised by t°, 
suppose y is the length occupied by the compressed air. Let A denote 
the area of the cross-section of the bell. 

Applying the formula PVjT = K of 6‘43 (2), wc get 
Ax{h d + x) — KT, 

Ay{b+d+y) = K{T -f t). 
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7 *“] 


or 


y(b + d +j) 
x(b + d+x) 


T+t 


= 1 4 tjT, 


(j* — *») 4 {b + d)(y — x) = x(b + d 4 x).t(T 

= ah tjT, from (1). 


_ abt _1_ 

x ~ T X ( 7 + x + h + d) 


= T(IF4M^) nearly ’ ■ * • (2) 

as y is supposed to differ veij slightly from x. 

Now, if IF' be the weight of the bell and T x and T a the tensions 
in the two cases, we have 

T x — IF' — Axw, 

T 2 — IF' — Ayw. 

T 2 -T x — - Aw(y — x). 

But since IF = Awa, we get 
T s - T 1 = -(y-x) W/a 


Waht 1 

~ * X T X (Tx 4 M d) froin W 

I Vht _ 1 

“ 7 X (ax 4 b 4 d)‘ 


From (1), we have 

zx 4 h 4 d =• \/{(x 4 h ) 2 4 4 *b) ■ 


t 2 -t x = - 


Wht 


T y/{{h + d ) 2 + 4 ah}' 

Hence, the tension of the supporting chain is diminished by 

-nearly. 


Wbt 


T ' x/{(b + d ) 2 + Aob} 


(lv) A cyltnducal dmng bell abate cross-section is of area A, is 
suspended in water with its flattop at a fixed distance a below the surface, 
and the enclosed air then occupies a length b of tbt bell. A bodj of volume 
Aa and sp. gr. a falls off from the plalfotm and floats m the 
enclosed water. Show that the let el of the nater inside the bell uses, but 
the amount of water in the bill and the tension of the supporting chain are 
less than before. 

Suppose w is the weight of unit volume of the water and h the 
height of the water barometa. 
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Before the body falls off, the volume of the air in the bell is 
A(b — o) at pressure 
n(a + b + b). 

When the body floats in 
the water, let b — x be the 
distance of the water-level in¬ 
side the bell from the top. The 
volume of the water displaced 
by the body being Aao, the 
volume (Aa — AaO ) of the 
body will be above water. 

Hence the volume of the air in the bell is now 

A(b — x) — (Aa — Aao ), i.e., A(b — x — a -f aa), 
and its pressure is v(a -f- b — x -J- h). 

Hence, by Boyle’s law 

A(b — a) X (a + b + b)w = A(b — x — a + aa) X (a-\-b — x-\- b)w, 
or x a — (zb + a -f- b — a + aa)x + aa(b + a + h) = o. . (1) 

The above quadratic equation in x has its second term negative 
(since a < b), and third term positive; hence its roots are positive. 

Thus x is positive, which means that the level of water inside the 
bell rises. 

Now, 

the initial volume of ait in the bell — the final volume of air 
— A(b - o) — A(b — x — o + a a) 

= A(x — a a). .(2) 

Writing (1) as 

(x — aa)(x — zb — a — h-\- a)]— aa(b — a), 
or (x — aa)[— (b — x) — a — h — (b — a)] = ao(b — a), . (3) 

it may be observed that the expression in the square brackets on the 
left-hand side in (3) is negative, and the right-hand side is positive; 
therefore x — aa is negative. 

It follows from (2) that the volume of air in the bell is increased. 
Consequently the amount of water in the bell is decreased. 

Finally, if W'be the weight of the bell in water, we have 

the initial tension of the chain 

= wt. of the bell + wt. of the body — wt. of the water displaced 

= W + Aaaw — Abw. .(4) 

Again, the tension of the chain in the second case 

= wt. of the bell — wt. of the water displaced 
= W — A(b — x+ a a)v. .(5) 
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Hence, subtracting (5) from (4), we find that the difference 
between the initial and final tensions 

= Aw(zaa — x), . , . (6) 

which is positive, since x—ao has been shown above to be negative. 

The tension of tic supporting chain is, therefore, decreased. 

Examples XVI 

1. A barometer in a cylindrical diving bell indicates a pressure 
of 45 inches of mercury, the height of the barometer at the surface of 
the earth being 30 inches. What will be the depth of the level of the 
water inside the bell if the sp. gr. of mcrcuij be 13 6 ? 

2. A cylindtical diving bell 6 feet in height and j feet in diameter 
is lowered till its top is 45 feet below the surface. What volume of 
air at the atmospheric pressure—that due to 34 feet of water—must be 
pumped in to fill the bell completely ? 

3. A cylindrical diving bell 10 feet in height is sunk under the sea 
until the watei rises half-way up the bell; find the depth of the top of 
the bell, taking the height of water barometer as 33 feet and the sp. 
gr. of sea-water 1 026. 

4. In the above question find the volume of the air at atmospheric 
pressure that must be pumpi d in to keep the bell clear of the water. 

j. A cylindrical diving bell 8 feet in length is lowered in water 
till the air occupies ^th of its volume. Find the depth of the top of 
the bell below the surface of the water, taking the height of the water 
barometer to be 34 feet. Find also the volume of air at the atmospheric 
pressure to be pumped in to keep the bell flee from the water at this 
stage. 

6 . A cylindrical bell 4 feet long whose volume is 20 cubic feet 

is lowered into water until its top is 14 feet below the surface of the 
water, and air is forced into it until it is |th full. What volume would 
the entire quantity of air occupy under atmospheric pressure, the 
water barometer standing at 33 ft. 5 [ Calcutta, 1912] 

7. If a diving bell in the shape of an inverted cone, of height a, 
be lowered till the vertex is at a depth d, prove that the height x of the 
part of the bell occupied by the air is given by the equation 

x* -f x*(A + d) = 

where b is the height of the water barometer. [Allababad, 1932] 

8. A diving bell in the shape of a cone of height 12 feet is lowered 
in water until the water occupies Jrd of the height of the bell. 
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Find the depth of the vertex below the surface of the water, if the 
height of the water barometer be 30 feet. 

9. A circular cone, hollow, but of great weight is lowered 
into the sea by means of a rope attatched to the vertex. If b be the 
height of the cone, c the depth of the vertex below the free surface, 
k the height of the water barometer, and T, T* the absolute tempe¬ 
rature of the air at the surface and of the water, prove that the depth 
of the water surface below the vertex of the cone is given by 

x l + x 8 (Jk + r) — kJPT'JT = o. [Bombay, 1935] 

10. A diving bell is made of substance whose sp. gr. is 4 and its 

interior will contain a quantity of water whose weight is twice that 
of the bell; if the bell be lowered in water till the tension in the rope 
is half the weight of the bell, prove that the density of air within 
it will be o-8 times that of the atmosphere. [Nagpur, 1939] 

11. A hemispherical diving bell of radius r is lowered in water 
with its base horizontal till the water rises up to the middle point of the 
vertical radius of the bell. Show that the depth of the base of the bell 
below the surface is (11 / 5)A + Jr, b being the height of the water 
barometer. 

12. A cylindrical diving bell of height a, is lowered till its top 

is at a depth h below the surface of the water. If the bell be now 
half-full of water and air be pumped in till all the water is expelled, 
prove that the bell must be lowered a further distance ^H—ib, before 
the bell is again half-full of water, H being the height of the water 
barometer. [Nagpur, 1938] 

13. The height of a cylindrical bell is a feet; at the surface a 
mercury barometer reads b feet, when the bell is lowered it reads b' 
feet. If 0 be the sp. gr. of mercury, show that the depth to which the 
bell has sunk is Q(if — b) — ahjkf feet. 

14. If a cylindrical diving bell of height b feet contains a mer¬ 
curial barometer the column of which stands at p 0 inches when the bell 
is above the surface of the water and at a height p when below; 
show that the depth of the top of the bell below the surface 

where T,T* are the absolute temperature and 13 ‘596 the sp. gr. 
of mercury. 

15. In the previous question if the bell be conical, show that 
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the corresponding depth is 

-A) ~ H T Tp) V * {ett - 

16. A diving bell is lowered into water at a uniform rate, and air 
is supplied to it by a force pump, so as to keep the bell full without 
allowing any air to escape. How must the quantity, i.e., mass of 
air, supplied per second vary as the bell descends? [Agra, 1950] 

17. If a cylindrical diving bell, whose capacity is V cubic feet, 
be sunk to such a depth that the water stands at 1 /m th of its height, 
and be then lowered at a uniform rate of n feet pel second, prove 
that the number of cubic feet of air which must be pumped in per 
second in order that the water may always remain at the same height, 
will be 

(1 — 1 }m) nVjb, 

where h is the height of the water barometer. 

18. If a diving bell descends from the surface with uniform velo¬ 
city V, show that the water will ascend a height b in the bell in time 



where 1 is the length of the bell and H the height of the water baro¬ 
meter. 

19. A cylindrical diving bell is lowered to a given depth in water 

by means of a chain and is completely immersed. If it be lowered to 
the same depth in a lighter liquid, will the tension of the chain be 
greater or smaller 3 [Bombay, 1935] 

20. A diving bell is in the form of a cylinder with a hemispherical 
top, c is the length and a the radius of the cylinder. Find how far the 
bell must be lowered in order that the hemisphere may be the only 
part containing air; show that in this position the volume of air 
at atmospheric pressure which must be forced in, to clear the bell 
from water, must be (c/H + | c]a ) times the volume of the bell, H 
being the height of the water barometer. 

21. A diving bell in the form of a cylinder of length a is sur¬ 
mounted by a cone of height b. If no air is pumped in when it is im¬ 
mersed, find how far it must be lowered for all the air to be forced into 
the conical part. Show that the volume of air at atmospheric pres¬ 
sure which must now be pumped in so that the bell may be filled, is 
(tf/H+ }ajb)V, where H is the height of the water barometer, and 
V the volume of the bell. 
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22. A cylindrical diving bell of height to feet and internal radius 
j feet is immersed in -water so that the depth of the top is too feet. 
Show that if the temperature of the air in the bell be now lowered from 
20°C. to ij°C., and if 30 feet be the height of the water barometer 
at this time, the tension of the chain is increased by about 67 lbs. 

[M. T.] 

23. In a diving bell a soda water bottle is opened, which in the 
external air would liberate a volume V of gas, show that the tension 
of the rope is diminished by 

_ wbV 

V(<* + £)* + 4 bb' 

where squares of V/bA are neglected, w being the weight of a unit vo¬ 
lume of water, A the cross-section, a the depth and b the height of the 
bell, and b the height of the water barometer in atmospheric air. 

[Benares, 1935] 


Pumps for Liquids 

7-3. All pumps depend for their working on the 
principle of suction. A partial vacuum is created in the 
space inside the pump and the pressure of the internal air 
thereby decreased. The external atmospheric pressure 
being greater than the pressure of the internal air, forces 
the liquid to rise up. 

Valves are used in all pumps. A valve is like a trap¬ 
door which opens in one direction only. It will thus open 
if there is an excess of pressure from one direction and will 
allow the passage of fluid, but if there is an excess of 
pressure from the other direction, the valve will close 
and stop the flow of the fluid. 

Valves are generally made of metal, leather or oiled 
silk. Theoretically a valve should work whenever there 
is the slightest excess of pressure on one side. In practice, 
however, a definite amount of excess of pressure is required 
before the valve can work, and there is always some leakage. 
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7*31. The Common or Suction Pump. This is 
an instrument for raising water from 
a well or reservoir. It consists of two 
cylinders AB and BC, usually called 
the pump-barrel and the suction-tube 
respectively. The upper cylinder AB 
is of wider cross-section than the tube- 
section BC which ; s long and narrow 
and terminates beneath the surface of 
water which is to be raised. 

In the upper barrel there is a 
tightly fitting piston EF which can be 
raised or lowered by means of a 
vertical rod attached to it, and the rod 
is worked by a lever P. The piston EF is fitted with a 
valve V-y which opens only upwards. The piston can move 
up to L where the spout Lj2 of the pump is situated. 
At the bottom of the pump-barrel there is another valve 
V 2 which also opens upwurds and covers the orifice of 
the suction-tube BC. 

7-311. Action of the Pump. Suppose that the pump 
starts working when the piston is in its lowest position at 
B and that water has not risen in the tube DB. When 
the piston is raised, the air between the piston and the 
valve V 2 becomes rarefied and its pressure becomes less 
than that of the air contained in BD. The valve V 2 , there¬ 
fore, opens upwards and some air from BD goes into the 
upper barrel. The pressure of the air in BD having thus 
fallen below the atmospheric pressure, some water is 
raised up in the tube DB above the water surface D. 

When the piston has reached L, the direction of its 
mention is reversed. Now the air between the piston and 
V 2 becomes compressed and the valve V 2 is, therefore. 
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shut. When the air is sufficiently compressed so that its 
pressure exceeds the atmospheric pressure, the valve 
is raised and air begins to escape out from below the 
piston. The air continues escaping during the further 
downward motion of the piston. When the piston has 
returned to B, its first complete stroke is said to be finished. 
The valve V 1 of the piston is also closed. 

Another upstroke of the piston follows and the water 
rises higher in the tube DB. After a few strokes the water 
rises into the upper barrel, provided the height of DB 
is less than that of the water barometer. Then during 
each downward stroke some water passes up the piston 
through its valve V x , and during each upstroke the water 
is carried up until it escapes through the spout L.Q. 

If the height of DL is less than that of the water barometer, the 
water below the piston will follow it right upto the level L. For 
the effective working of the pump the total height of DL is generally 
kept a little less than the height of the water barometer. 

7*312. Tension of the piston rod. Assuming that 
the piston is moving uniformly and the effects of its 
weight and friction are not taken into account, the tension 
of the piston rod will be given by the following:— 

The tension of the piston rod is equal to the weight of a 
cylinder of water, whose cross-sectional area is equal to that of the 
piston , and whose height is the same as the vertical distance 
between the levels of the water within and without the pump. 

Referring to the figure of 7*31, let K be the area of 
the piston, h the height of the water barometer, and w 
the weight of a unit volume of water. Let T denote the 
tension of the piston rod. 

The tension of the piston rod must be such that it 
would balance the difference of pressures on the upper 
and the lower surfaces of the piston. 
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Case t. Suppose the water level is at the point M 
lying between D and B. 

The pressure of the air above M 

= pressure of the water at level M 
= pressure at D—rv.DM 
= 1v.{h — DM). 

Thus the pressure on the lower surface of the piston 
= K x iv.(b - DM), 
and that on the upper surface 

= K x 1 vh. 

Hence, we have 
T M K X w{h — DM) = K x n>h, 
or T = Kx iv.DM. . . (i) 

Case II. Suppose the water has risen above the pis¬ 
ton to a point N. 

Now the pressure at a point on the upper surface of 
the piston 

= iv.EN -\-wb — w(b -f- EN). 

The pressure at a point on the lower surface 
= wh — lv.DE = iv(b — DE). 

Hence 

T -f K x wQj — DE) = XxKH BN) 
or T = K x w.DN. . . (2) 

From (1) and (z), the truth of the proposition is 
demonstrated. 

7313. Water level raised during the nth. stroke. 
It is requited to find the vertical height through which 
the water is raised by a suction pump during the nth stroke 
of the piston. 

Let DB = a and BL = b, and suppose the cross- 
sections of the upper barrel and the suction-tube are K 
and k respectively. Let h be the height of the water baro • 
meter and w the weight of unit volume of water. 
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Let H n _j denote the water level at the* beginning 
of the #th stroke and suppose H n is the 
point to which the water is raised at the 
end of this stroke. If DH B _, = x rl 
and DH h = x n , then the water is raised 
through the distance x„—x^ during 
the «th stroke of the piston. B 

Case I. Suppose H„ is in the sue- f 

tion-tube. H 

At the beginning of the nth stroke, 
when the water level is at H n _ 1 and the 
piston at B, the volume of the air in 
the tube is (a — x % -^)k and its pressure 

K h “ 

At the end of the upward stroke when the position 
of the piston is at JL and the water level at H n , the air 
occupies the volume (a — x^)k -f~ bK, and its pressure is 
Kb ~ xj. 

Hence from Boyle’s law, we have after cancelling the 
common factor tv 

K* — x n)& + bK](b — xj = [(a—x n -^k](b —x„_ a ). (i) 

From the above equation x B can be obtained when 
■*■*-1 is known. Thus the value of x n —x n _ v that is, the 
rise in the water-level during the «th stroke, can be obtained. 

Giving to n in succession the values i, 2, 3,... in(i) 
and noting that x 0 = o, we have 

[{a — x^)k -j- bK\(h — = a kb, 

[(a — xjk -j- bK\(b — Xg) = (a —• x^)k(b — Xj), 

K a ~ x s)& + bK](b — x 8 ) = (a — x^)k(b — Xg), 
and so on. 

Case II. Suppose H„ is in the upper barrel and H n _ t 
in the suction-tube. 
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In this case, at the end of the upward stroke the vol ume 
occupied by the air is (a -)- b — and its pressure is 
w{h — xj. Hence the formula corresponding to (1) will be 
(a +£ — xf)K.(h — x n ) = ( a — x n _^)k. (h — x n _^), (2) 
from which the value of x n can be obtained in terms of 

x n-l' 


7*32. The Lifting Pump. If it be the object to 
lift water to a high level above the pump, 
some modification is made in the common 
pump. The spout is removed, the top 
of the upper barrel is closed and the 
piston rod works through a closely fit¬ 
ting tight collar which would allow 
neither air nor water to pass through. 

A pipe leading upwards, and generally 
of smaller section than the spout of the 
common pump, is fixed to the upper 
barrel just below its top; at the junction 
there is a third valve V 3 which opens 
upwards. This modified pump is called 
the lifting pump. Theoretically the pump 
would work in the absence of the valve V g, but in practice 
it is found that this additional valve helps the action of 
the valve V 2 . 

After the water has risen above the piston, with each 
upward stroke the valve K a opens and water enters the 
pipe. During the downward stroke o the piston the 
valve V z closes and no water can descend to the barrel. 
In this way water can be lifted to a great height depending 
upon the strength of the pump and the operator. 



7*33. The Forcing Pump. This is another modi¬ 
fication of the common pump. In this the piston is 
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solid and has no valve. But there is a second valve V 9 
at the bottom of the upper barrel opening 
outwards and leading to a pipe EF 

When the piston descends, the valve 
Vj closes and the air is driven away 
through the valve V 2 . During the upward 
motion of the piston the valve V 2 is 
closed, V x opens and water rises in BA 
as in the case of the common pump. 

During the next downward stroke 
of the piston the valve V x is closed, 
and all the water contained in the barrel 
is forced up the pipe EF and is prevented 
from returning by the valve V 2 . In this 
way water can be forced up to any height consistent with 
the strength of the machine. 

The flow of water in a forcing pump of this type will 
be only intermittent, because water will flow only during 
the downstrokes of the piston. 

7*331. The Forcing Pump with Air-chamber. 

In order to obtain a continuous 
stream of water from the top 
of the pipe EF, the water 
passing through V 2 is first 
admitted into a chamber D 
containing air. 

The piston in its descend¬ 
ing stroke forces water into D 
and the air imprisoned in the 
chamber is compressed. As 
more water is forced into the chamber, the air is further 
compressed, and the water rises in the tube EF and flows 
out from F. When the piston is ascending, the air in D, 
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freed from its former pressure, now expands and forces 
the water up the tube, thus causing a steady flow of 
water through the pipe EF. 

7*34. The Fire Engine. This is essentially a double 
forcing pump connected with 
the same ait chamber. The 
constancy of the flow is main¬ 
tained not only by the air 
chamber, but also by the alter¬ 
nate action of the two pumps. 

The working of the two 
pistons is so arranged that 
while the one ascends, the 
other descends. 

7-35. Illustrative Example. 

The length of the suction-tube of a com¬ 
mon pump is 12 ft., and the piston 
when at its lowest point is 2 ft. from the fixed valve. If at the first stroke 
the water rises 11 ft. in the tube, find the extreme length of the stroke, 
supposing the water barometer to stand at 3 3 ft., and the area of the barrel 
to be three times that of the tube. 

Let A be the sectional area of the suction-tube, and, therefore, 
that of the barrel will be $A. Then the volume originally occupied by 
the air is 

11A + z.$A = 18 A. 

If x denotes the length of the stroke, the volume occupied by the 
air after the first stroke is 

A + (x + z). iA = (}x + 7)^4, 
and the pressure of this air is reduced to 
(33 — 11) ft. — 22 ft. 

Hence, by Boyle’s law, we have 

33 x 18A = 22 X (3X + 7)^4, 
or z-j -= 3X + 7, 

x = 20/3 ft — 6 ft, 8 inches. 



or 
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Examples XVII 

1. In a co mmo n pump the length of the barrel is 18 inches, and 

that of the lower pipe is 21 ft. above the surface of the water; if the 
section of the pipe is 5/14 of that of the barrel, find the height through 
which water would rise at the end of the first stroke, taking the height 
of the water barometer to be 32 feet. [Patna, 1931] 

2. The suction-tube of a co mm on pump is 12ft. long, and the 
piston starting from the fixed valve is raised at the first stroke through 
3 ft. If the area of the barrel is four times that of the tube, find the 
height to which water will be raised in the tube, water barometer 
being 34 ft. high. 

3. The length of the lower pipe of a common pump above the 

surface of the water is xo ft., and the area of the section of the upper 
pipe is 4 times that of the lower. Taking 33 ft. as the height of the 
water barometer, prove that if at the end of the first stroke the water 
just rises into the upper pipe, the length of the stroke must be very 
nearly 3 ft. 7 inches. [. Allahabad , 1921] 

4. If the length of the lower pipe of a common pump above the 
surface othe water be 16 ft., and the area of the barrel of the pump 
16 times that of the pipe, find the length of the stroke so that the water 
may just rise into the barrel at the end of the first stroke, the water 
barometer standing at 32 ft. If the length of the stroke of the piston 
be one foot, find the height to which the water will rise at the*end 
of the first stroke. 

5. The length of the lower pipe of a common pump above the 
surface of water is 20 ft., the cross-section of the barrel of the pump 
is 36 times that of the pipe, and the length of the stroke is 1 ft. Find 
how far the water will rise at the end of the first stroke, taking the height 
of the water barometer to be 32 ft. [Patna, 1934] 

6. A lifting pump is employed to raise water through a vertical 
height of 200 ft. If the area of the piston be 100 sq. inches, 
what is the greatest force, in addition to its own weight that will be 
required to lift the piston ? 

7. If A be the area of the section of the piston of a force pump, 

/ the length of the stroke, n the number of strokes per minute, B the 
area of the pipe from the pump, find the mean velocity with which the 
water rushes out. [M. T.] 

8. A forcing pump the diameter of whose piston is 6 inches, 
is employed to raise water from a well to a tank. If the bottom of the 



AIR-PUMPS 


177 


7*4] 

piston is 20 ft. above the surface of the water in the well and 100 ft. 
below the surface in the tank, find the least force which will (1) raise, 
(ii) depress the piston; friction and the weights of the valves being 
neglected, and the height of barometer taken as 32 ft. 

9. Describe any arrangement by which water could be pumped 
up from a well 50 ft. deep, and explain clearly the mode of action of 
such an instrument. 

The lower valve of a common pump is a piece of brass 8 02s. m 
weight, resting over a hole 2 sq. inches in area. Find the greatest 
height at which the pump can be installed, if the height of the water 
barometer is 34 ft. and the weight of one cubic foot of water is 1000 
ozs. [Lucknow, 1939] 

10. Prove that if h, h ' be the heights at which the water stands 
in the lower cylinder of a common pump before and after a stroke, then 

(A' - ti)(h'+h - H- a) + nb(H - iT) = o, 
where a , b are the lengths of the lower and upper cylinders, n is the 
ratio of the sectional area of the latter to that of the former, and 
H is the height of the water barometer. 

11. If the barrel of a common pump be 2 ft. long and its lower 
end be 26 ft. above the surface, and if the area of the section of the 
barrel be 6 times that of the pump, find in how many strokes the water 
will reach the barrel, the height of the water barometer being 32 ft. 

12. Prove that m the common pump the water will just rise into 
the upper cylinder at the end of the second stroke, if 

H 2 ( 1 — a/ub )(2 — ajnb) — H(4# + nb — i^jnb) + a{za -j- nb ) = o, 
where a , b are the lengths of the lower and upper cylinders, n is the 
ratio of the sectional area of the latter to that of the former and H is 
the height of the water barometer. [M. T.] 


Air-Pumps 

7*4. Exhausting and Condensing Pumps. The 

use of air-pumps is either to remove air from a vessel or to 
force into it some air from outside. Those belonging to 
the latter type are generally called Compressing or Condens- 
ingpumps or Condensers, whilst the name air-pump is usually 
restricted to those of the former class. Great care has to 
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be taken in ait-pumps so that the fittings and valves are 
all air-tight. 

7*41. Smeaton’s Air-Pump. 

of a vessel R, called the receiver , 
from which the air is to be exhaust¬ 
ed; of a cylinder or barrel BC, 
furnished with a piston and valves; 
and of a pipe A which serves to 
connect the receiver with the 
cylinder. There are three valves 
all opening upwards , V 1 at the bot¬ 
tom and V 3 at the top of the 
cylinder, while the third valve V 2 
is fitted in the piston D itself. 

To explain the action of the pump suppose the work¬ 
ing is commenced when the piston is at its lowest position, 
JB. When the piston is raised, a partial vacuum is formed 
between it and B, the valve V x opens and air from the re¬ 
ceiver enters into the cylinder. The air which is above the 
piston becomes condensed, causes the valve V 3 to open 
and escapes out into the atmosphere. Thus a portion of 
air occupying the volume of the cylinder at atmospheric 
pressure is removed in the first upstroke of the piston. 

When the piston has reached C, its motion is reversed. 
The air lying between the piston and B becomes compressed 
and causes the valve V x to close and V 2 to open. The air 
from below the piston passes up through the valve V 2 
and occupies the space above the piston. When the 
piston returns to B, the air of the cylinder which was 
below it at the end of the first upstroke, comes above the 
piston. During the next upward stroke this volume of 
air passes out into the atmosphere and the cylinder is again 
filled up with air from the receiver. 


This pump consists 
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In this way in each succeeding stroke of the piston a 
volume of air equal to that of the cylinder, but at diminish¬ 
ing pressure, is removed from the receiver. The process 
can be continued until the pressure of the air left in the 
receiver is reduced to such an extent that it is unable to lift 
the valve V v 

In practice it is found that the piston does not generally descend 
to the extreme bottom of the barrel so that an upstroke invariably 
begins with some air lying between the piston and the lowest valve. 
The volume of the barrel from the bottom to the point where the piston 
can reach in its lowest position, is called a ‘clearance 

7*42. Hawksbee’s Air-Pump. This pump is es¬ 
sentially the same as the Smeaton’s 
pump, except that in this case the 
top of the cylinder is kept open. 

The pump is usually constructed with 
two barrels furnished with a piston 
in each. The pistons are worked by 
means of a toothed wheel in such a 
manner that the upstrokes of the 
one synchronize with the down- 
strokes of the other. 

The Smeaton’s pump on account of having a valve at 
C [Fig. of 7*41] has certain advantage over the Hawksbee’s 
pump. During the downstroke of the piston, the pressure 
of the air above it being less than that of the atmosphere, 
the piston valve in the Smeaton’s pump is raised more easily 
than in the case of the Hawksbee’s pump. Also' the 
effort required to lift the piston is decreased to a great extent. 
The exhaustion of the air can be carried out more effective¬ 
ly by the Smeaton’s pump. 

7-43. Rate of Exhaustion of the air. In the figure 
of 7*41, suppose V is the volume of the receiver including 
that of the pipe, and V* is the volume of the cylinder. 
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Let 9 be the initial density of the air in the receiver and q x 
the density after the first upward stroke. Since the air which 
originally occupied a volume V and had density q now 
occupies a volume V + V' and has density p ]5 we have 

v- e = (v+vy Ql . 
v . 

• • Ci — y _j_ 6 • • • • v 1 / 

At the end of the first complete stroke, a volume V' 
of air of density has escaped and there remains in the 
receiver a volume V of air of density q x . 

If g. A be the density of the air of the receiver after the 
second complete stroke, then as explained in the case of 
the first complete stroke, we get 

~ V + V’' Ql ~ \V-f V’) e ' • • * C 2 ) 

Repeating the same process, if g n be the density of 
the air of the receiver after the #th stroke, then 

~ ( \/~+y) .... ( 3 ) 

It may be noted that since Q n can never be zero, a complete 
vacuum cannot be obtained in this manner, 

7*44. The Air-Condenser. If the direction of 
motion of the valves of an air-pump be 
reversed, air will be forced into the receiver 
by the motion of the piston and the pump 
will become a Condenser. 

The condenser consists of a cylinder 
or barrel AB, into which works a piston 
C having in it a valve V 2 that opens 
downwards. At the bottom of the cylinder 
there is another valve K x that likewise 
opens downwards and communicates with 
the receiver R by means of a tube which is 
fitted with a stop-cock S. 
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When the piston moves down, the valve V 2 is closed, 
the air between the piston and B is compressed, the valve 
V x opens and the air is driven into the receiver. When 
the piston has reached B, its motion is reversed A partial 
vacuum is created between B and the piston, the valve V 2 
opens, but the increased pressuie of the air in the receiver 
closes the valve V x and the air of the receiver is prevented 
from re-entering the barrel 

Thus in one complete stroke a volume of atmospheric 
air equal to that of the cylinder has been forced into the 
receiver In succeeding strokes more and more air from 
the atmosphere is forced into the leceiver 


7*45. Density of the air in the Condenser. . in the 
figure of 7 - 44, suppose V is the volume of the receiver and 
V f that of the cylinder 

Since in each stroke of the piston a volume V' of 
air at atmospheric pressure is pumped into the receiver, 
at the end of the »th strol e the receiver will contain a quan¬ 
tity of air which would occupy a volume VnV’ at 
atmospheric pressure Hence, if g be the initial density of 
the air of the receiver and g n its density after the n strokes 
of the piston, we have 

e (y + V, 


V+nV’ 

or g n = - y— . o. 


(0 


7*5. The Siphon The siphon is an appliance 
for extracting liquid from a vessel without moving the 
vessel. It consists simply of a bent tube, open at both 
ends, and with arms of unequal length. In order to work 
the siphon it is first filled with the same kind of liquid as 
is to be extracted, and then, closing the two ends A and 
D the siphon, is inverted and placed with the end A of 
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the shorter arm below the surface of the liquid in the vessel, 
as is shown in the adjoined figure. 

The end D of the longer arm is 
kept below the level of the liquid 
in the vessel. Now when the ends 
are opened,' the liquid begins to 
flow out in a continuous stream 
and will continue to do so till 
the level of the liquid in the vessel 
falls below A, provided the ver¬ 
tical distance between A and the 
top C be less than the barometric 
height for that liquid. 

To explain the action of the siphon, let CM and CN 
represent the vertical heights of the top C above the surface 
level B in the vessel and above D respectively. The pres¬ 
sure at B being the atmospheric pressure II, the pressure 
at C is II — ge.CM, where q denotes the density of the 
liquid. Therefore the pressure in the liquid at D is 
II — . CM -f ,gg. CN 

— II + gQ • MN, 

which exceeds the atmospheric pressure, and consequently 
the liquid at D flows out followed by the liquid from the 
vessel through the tube. 

7*6. Illustrative Examples, (i) The capacity of the receiver 
of a Smeaton’s air-pump is 9 times that of the barrel; determine (a) 
the density of the air in the receiver after 5 strokes, (b) the number of strokes 
required to reduce the density of the air to 01 of its original value. 

Let the volume of the barrel be V, then that of the receiver is yV. 
Thus a mass of air which occupies a volume fV before a stroke, 
occupies a volume 10V at the end of that stroke. Hence after 
each stroke the density is reduced in the ratio 9:10. 

(a) Thus after 5 strokes the density of the air 

= (9/10)*, i.e., 0'59 approx., of its initial density. 


C 
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(b) Suppose the density of the air is reduced to o ‘ 1 of its original 
value after n strokes. Then from ‘(3) of 7*43, we get 
1/10 = (9/10)*. 

Taking logarithms, we have 

- 1 = «(log 9-1) 

= #(0-9542 - 1) 

= — n x o - 0458. 


n 


1 

0‘0458 


= 21 -83, 


which means that the required value of the density will be reached 
during the twenty-second stroke. 

(ii) The barrel of a condensing air-pump is one inch in diameter and 
16 inches long. The tube of a pneumatic tyre in its inflated conditions is 2 
inches in diameter and 80 inches long. Assuming the tube to be quite empty 
initially, how many strokes will be required to inflate it with air at twice the 
atmospheric pressure ? 

If V be the volume of the tube and V r that of the barrel of the 
condenser, then 

K = B.1.80 ; V * — Jt-(x/2 a ) X 16. . . . (1) 

Now if n be the required number of strokes and II the atmosphe¬ 
ric pressure, we have from (1) of y45 


:II 


V+»V' 

V 


• II, 


or 1 -f- wV'IV = 2, 

or »- i /2 o = i , from (1) 

or n = zo. 


Examples XVm 

x. Describe Hawksbee’s air-pump and find the density and pres¬ 
sure of the air left in the receiver after n strokes. 

The volumes of the barrel and the receiver are 25 and 75 c. inches 
respectively. Find the pressure of the air after 3 strokes. 

[Bombay, 1933] 

2. If the volume of the receiver in a Smeaton’s air-pump is j 
times that of the barrel, find the pressure in the receiver after 3 strokes 
of tfee piston, the barometric height being 30 inches. [Calcutta, 19x2] 

3. In one pump the barrel has i/i2th of the volume of the 
receiver and in another it has 1/6 th. How many strokes of the latter 
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ate requited to produce the same degree of exhaustion as six of the 
former? [Patna, 1935] 

4. If the receiver of an air-pump be 6 times as large as the barrel, 
find the number of strokes required before the density of the air is 
less than i/4th of the original density. [Patna, 1941] 

j. The capacity of the receiver of a Smeaton’s air-pump is eight 
times that of the barrel; what fraction of the 5th upward stroke has 
the piston described when the upper valve opens ? 

6. A condenser and a Smeaton’s air-pump have equal barrels 
and a receiver whose volume is 20 times that of each barrel, is connec¬ 
ted to the condenser. If after the condenser has been worked for 
20 strokes, the receiver is connected with the air-pump, show that after 
14 strokes the density of the air in the receiver will be nearly the 
same as it was before the condenser was worked. (Given that 
log 2 = o • joro, log 21 = 1 "3222.) 

7. The mass of air in the receiver of an air-pump is m at the begin¬ 
ning, and it becomes m' after n complete strokes of the piston. If V 
and v denote the volumes of the receiver and the barrel, prove that 

*“■*■*■**" 

8. The barrel of an air-pump is of volume B, but of this a volume 
b is not traversed by the piston; show that the density in the receiver 
never becomes as small as b/B of the atmospheric density. 

9. If of the volume fl of the cylinder of a condenser only C is 
traversed by the piston, prove that the pressure in the receiver cannot 
be made to exceed 13 /( 13 —C) atmospheres. 

10. If b be the range of the piston in a Smeaton’s air-pump, 
a its distance from the top of the barrel in its highest position, b its 
distance from the bottom in its lowest position, and Q the density of 
the atmosphere, prove that the limiting density of the air in the re¬ 
ceiver will be 


(b + a)(b + b) Q - T>1 

11. Describe an air-pump and explain its action. 

A body weighing » lbs. in air weighs (n -j- 1) lbs. in the receiver 
of an air-pump after n strokes of the piston. If the capacity of the re¬ 
ceiver is n times that of the barrel, find the weight of the body in 
vacuum. [Lucknow, 1939] 



MISCELLANEOUS EXAMPLES 

i. A vessel A. contains a quantity of liquid of sp gr q, and a 
second cask an equal quantity of liquid of sp gr a , one nth part of 
each is taken out and put into the othei and well mixed, the pro¬ 
cess is repeated m times, show that the final sp. gravities are 

+s*{- (’-:)'!• 

2 The two arms of a U-tube are close together In one 
arm there is water and in the other mercury, so that their common 
surface is at the lowest point One quarter of the water is taken out 
and is poured into the other arm os er the mercury Prove that 
in the new equilibrium position the diffeience of heights of the upper 
surfaces is one half of what it was lormetly 

3. A fine tube bent in the form of an ellipse is held with its plane 
vertical and is filled with n liquids whose densities aie p 1 , Q a ,. ,Q n 
taken in order round the elliptic tube If r v r 2 , ,r n be the distances 
of the points of separation from either focus, prove that 

'ltei - Pa) + fsCPa - Pa) + + r„ (p, - Qj = o 

4. A circular tube, centre O, is filled with three liquids of 
densities Qj, Q 2 , Q a in descending order of magnitude and placed in a 
vertical plane. It za, z/ 3 , zy be the angles subtended at the centre 
by the fluids and P the point on the circumference, midway between 
the ends of the lightest fluid, prove that the angle 6 which OP makes 
with the vertical is given by 

Qa — e„ __si n a sin Q 3 - 0 ) . 

<?i Qa sln (« + #) ’ sln P 

5. If three liquids which do not mix and whose densities are 
Q v g a> Q a> fill a circular tube in a vertical plane and if a, / 3 , y are 
the angles which the radii to the common surface make with the 
vertical diameter measured in the same direction, prove that 

Qi (cos /3 - cos y) + Qg ( cos Y — COb a) + &g (cos a — cos /?) == o. 

If there ate equal volumes of each fluid, and if in addition the 
weights on each side of the vertical are equal, obtain an equation 
to determine o, corresponding to the highest junction. Show 
that it is satisfied if a = 30°, and the densities are in A. P. 
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6. A V-shaped trough consists of two rectangular) sides equally 

inclined to the horizontal and two vertical triangular ends. A 
given volume of liquid is poured into the trough. Determine^ the 
angle between the sides which makes the ratio of the thrust on each 
end to that on a side a maximum. [M. T.] 

7. A parallelogram is immersed in a fluid with a diagonal verti¬ 
cal,’one extremity of which is in the surface of the fluid. Through 
this point lines are drawn dividing the parallelogram into three 
equal parts. Compare the pressures on these three parts, and if P a 
be the pressure on the middle part and P v P a those on the other 
two, prove that i6P, = 11 (P t + Pg). 

8. A vessel contains n different liquids resting in horizontal 

layers and of densities Q lt Q a , .starting from the highest fluid. 

A triangle is held with its base in the upper surface of the highest 
fluid, and with its vertex in the nth fluid. Prove that if A be the area 
of the triangle and h v b 2 , ,...,h n be the depths of the vertex below 
the upper surfaces of the 1st, 2nd,..., «th fluids respectively, the 
thrust on the triangle is 

^ (V - V) + 0s W - V) + .+ Q» #**}• 

9. Find the force on the vertical end of a parabolic gutter if 
it is full of water, the gutter being 6 inches across the top and 4 inches 
deep. 

ro. A solid)triangular prism, the faces of which include angles 
<x, / 3 , Y is placed in any position entirely within a fluid; if P, Q, R be 
the thrusts on the three faces respectively opposite to the angles 
a, £, Y> prove that 

P cosec o + J 2 cosec A + R cosec y 
is invariable so long as the depth of the centre of gravity of the 
prism is unchanged. [Af. T.] 

11. A tunnel of rectangular section, of height h feet, is dosed by a 

heavy uniform metal door, inclined at an angle a to the vertical, 
and swung on hinges along the roof of the tunnel. Show that if the 
door is to open automatically just when the level of water in the 
tunnel rises to the roof, the weight per square foot of the door must 
be equal to that of \b coseca cubic feet of water.. [M.T.] 

12. One wall of a tank slopes inwards from the bottom at an angle 
6 to the vertical and contains a triangular trap-door of weight W, 
which is hinged about a horizontal side BC, has the vertex A lower 
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than BC, and can open outwards. The vertical heights of the vertices 
above the bottom of the tank are a, b, b. Prove that, if water be 
poured into the tank to a height h so that the trap-door is entirely 
below the surface, it will remain closed, provided that 
, W 

b < — sin 0 + i(a + b), 

A being the area of the triangle and s the weight of the unit volume 
of water. [M.T.] 

13. A portion of a sphere cut off by two planes through its centre, 
inclined to each other at an angle jr/4, is just immersed in a liquid with 
one face in the surface. Find the resultant thrust on the curved sur¬ 
face and show that it makes an angle tan _1 (jc/2 — 1) with the hori¬ 
zontal. [I. C. S., 1937] 

14. A solid is formed by the revolution of a semi-circle of 
radius a about its bounding diameter through an angle a, and the 
solid is immersed with one plane face ! in the surface of a liquid; 
prove that the magnitude of the resultant thrust on the curved sur¬ 
face of the solid is 

{(a — sin a cos a) 2 + sin* a} 1/2 , 
where p is the density of the liquid. 

15. A right circular cone is held in a liquid with its axis horizontal, 
and the highest point C of its base m the surface Find the magni¬ 
tude and direction of the resultant pressure on the curved surface, 
and determine the angle of the cone when the line of action of this 
pressure (1) passes through C, (11) is parallel to a generating line. 

16. A right cone of semi-vertical angle a is just immersed with 
a slant side'of length / in the free surface Show that the resultant 
thrust on the curved surface will cut this slant side at a distance 

_ V _ 

4(1 — 3 sin 2 a) 

from the vertex, and find the magnitude of this thrust. 

[Bombay, 1940] 

17. Given that the centre of pressure of a circular disc of radius 

r with one point in the surface, is at a distance p from the centre, 
show that for a disc of radius R wholly immersed with its centre 
at a distance h from the surface, the distance between the centre 
of thfe circle and the centre of pressure is pBPfhr. [Af. T.] 

18. Find the centre of pressure of a triangle immersed with one 
angular point in the surface and the other two angles at depths 
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a and /9 below the surface of a liquid whose density varies as the 
depth. [Patna, 1931) 


19. A semi-circular lamina is completely immersed in water with 
Its plane vertical, so that the extremity A is in the surface, and the 
diameter makes with the surface an angle a. Prove that if E be the 
centre of pressure, and 6 the angle between AE and the diameter. 


tan 6 = 


3JI + 16 tan a 


[I. C. S., 1936] 


16 + ijrttan a ' 

20. A circulai disc of radius a is completely immersed with 
its plane vertical in a homogeneous fluid. If b is the depth of the 
centre below the free surface of the fluid, prove that the distance be¬ 
tween the centres of piessure of the two semi-circles into which the 
disc is divided by its horizontal diameter is 


6 Jla — 


4 b* - a 2 


9:1 2 b 2 — 16 a 2 ' 


[M. T.] 


21. If a plane regulat pentagon is immersed so that one side is 
horizontal and the opposite vertex at double the depth of that side, 
prove that the depth of the centre of pi essure of the pentagon is 
<1(29 4 3\/5)/4 8 » where a is the depth of the lowest vertex 

22. A triangular lamina ABC right-angled at C, is just immersed 

in a fluid with the vertex C m the surface and the side CA inclined 
at 30° with the surface. If the centie of pressure is vertically below 
C, prove that the angle B is J tan -1 (2-^/3). [Nagpur, 1940] 

23. A semi-ellipse bounded by its minor axis, is just immersed 
in a liquid the density of which varies as the depth. If the axis minor 
be m the surface, find the eccentricity in order that the focus may be 
the centre of pressure. 

24. An area bounded by the curve ay 2 = x 3 , the x-axis and the 
ordinate x = b, is immersed in water with the ordinate in the sur¬ 
face. Find the coordinates of the centre of pressure. 

25. A quadrant of a circle is just immersed vertically with one 
edge on the surface in a liquid whose density varies as the depth. 
Obtain the centre of pressuie. 

26. A steamer loading 30 tons to the inch near the water line 
in fresh water is found after a ten days’ voyage, burning 60 tons of 
coal a day, to have risen 2 feet in sea-water at the end of the voyage; 
prove that the original displacement of the steamer was 5720 tons, 
taking a cubic foot of fresh water as 62 5 lbs. and of sea-water as 
64 lbs. 
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27. A sphere of radius a and mass M is loaded so that its centre of 
gravity G is at a distance C from its centre 0 , and is suspended by a 
string attached to a point P of its surface, GP subtending an angle 
6 at O. The spheie is partially immersed in a liquid of density Q and 
the tension in the string is APg. Show that the depth b of 0 below 
the surface of the liquid is given by 

M — M' — (np ‘$)(a + h) 2 {za — b), 
and that the inclination of GO to the vertical is 
, M'a sin 6 

tan MC - M'a cole' [M.T.] 


28. ABC, an isosceles triangle right-angled at A, composed of 
two heavy tods AB, AC hinged together at A and a light string 
BC, floats with the angle A immersed in water. Show that the 
tension of the string is ( a — b)Wjza, where 2 a is the length of a 
rod, 2 b the length immersed and W the weight of each rod. 

[Bombay, 1940] 

29. An equilateral triangle ABC, of weight W and sp. gi. 0 , is 
movable about a hinge at A and is in equilibrium when the angle C is 
immersed in water and the Mde AB n horizontal and above water. 
It is then turned about A in its own vertical plane until the whole 
of the side BC is in the water and horizontal, prove that the pressure 
on the hinge in this position is 

30. Two equal and similai rods AB, BC, fixed at an angle a 

at B, rest in a fluid of twice the sp. gi. with the angle B out of the 
fluid, and the bisector of the angle ABC makes an angle 8 with 
the horizon, prove that cos 28 -} sec a — 2. [Bombay, 1937] 

31. A cone is suspended by its vertex from a point above the 
surface of a liquid and rests with a generating fine vertical. If the 
vertical angle of the cone be 60 and the height of the vertex above 
the liquid equal to the radius of the base, prove that the densities of 
the cone and liquid are in the ratio of zy/z — 1 : zy/z. [M. T.] 

[The section by the watei surface is an ellipse whose area is 
Jtf 2 sin 2 a cosa/(coS2a) s/2 , where c is the distance of the elliptic sec¬ 
tion from the vertex of the cone and 2a the veitical angle of the 
cone4 

32. A semi-circular lamina has one of the ends of its diameter 
smoothly hinged to a fixed pomt above the surface of a liquid and 
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floats with its plane vertical and its diameter half-immersed. If the 
inclination of the diameter to the horizon is jt/4, prove that the ratio 
of the density of the liquid to that of the lamina is 4(3:1 — 4) : 
(9ft — 8). [M. T.] 

33. ABC is a right-angled triangular lamina and it floats with its 
plane vertical, and the right angle immersed in water; prove that if 
its sp. gr. be to that of the water as 2:5, and CB : CA = j : 4, CB is 
cut by the surface of the water at a distance from C equal to CA. 

34. A right cylinder of radius a and height 2 b floats in a fluid of 
double its density with one of its circular ends entirely out of the 
fluid; show that it can rest with its axis inclined at a certain angle to 
the vertical if b > */\A« 

33. A square lamina is placed vertically in a fluid of double 
its density; prove that it can rest only with one edge or diagonal 
vertical. [M. T.] 

36. A wooden sphere of radius r is held just immersed in a 
cylindrical vessel of radius K. containing water, and is allowed to rise 
gently completely out of the water; prove that the loss of the 
potential energy of the water is 

Wr(i R* - 2r*) 

3R* 

W being the weight of water displaced by the sphere. 

37. A sphere of radius a and sp. gr. J, is held completely im¬ 
mersed at the bottom of a circular cylinder of radius b which is filled 
with water to depth d. The sphere is set free and takes up its 
position of equilibrium. Show that the potential energy lost is 



where W is the weight of the sphere. [I. C. S., 1943] 

[Potential energy is gained by the sphere in rising from the 
bottom of the cylinder to the surface of the water, but it is lost by 
the water whose centre of gravity is lowered.] 

38. A cylindrical piece of wood of length / and sectional area a 
is floating with its axis vertical in a cylindrical vessel of sectional area 
A which contains water; prove that the work done in very slowly 
pressing down the wood until it is just completely immersed, is 



MISCELLANEOUS EXAMPLES 


I 9 I 

where Q and a denote the densities of the water and wood respec¬ 
tively. [M. T.] 

39. A lump of matter of mass m floats m a liquid contained m a 
circular cylmder of radius r. The lump melts and forms a layer 
of liquid on the top of the other Show that the rise of level of 
liquid is 

(JL _ «i- Q ) 
nH(o a <Ti(<T-Q))’ 

where Q ls the density of the atmosphere, 0 1( o s the densities of m 
when solid and liquid respectively, and a the density oi the first liquid. 

[Bombay, 1936] 

40. Prove that if volumes V 1 and V 2 ot atmosphenc air are forced 
into vessels of volumes U a and U t and if communication is estab¬ 
lished between them, a quantity of ail of volume 

UjVi — u *K 

Ui+U, 

at atmospheric pressure will pass from one to the othei. 

41. A gas saturated with vapour is at a pressure II. It is then 
compressed without change of temperatui e to 1 jn th of its former 
volume, and the pressure is then observed to be 1 I„. Show that the 
pressure of the vapour is 

-n. 

n — 1 

and that the pressure of the air in tl e original volume without its 
vapour is 

n„—n 

n — 1 

4z. A piston of weight W senes as a stopper to confine some 
gas within a vertical cylmdei open at the top. If b is the equilibrium 
height of the base above that of the cylindei and if it is slowly dis¬ 
placed through a small distance x , without any change in the tempe¬ 
rature of the gas taking place, show that the work done on the 
system is Wx^jzb nearly. [M. T’.] 

43. The tube of a barometer rises to 34 inches above the mer¬ 
cury in the trough, and the mercuiy column is 30 inches high. Find 
what changes are produced in the height of the column by the 
following operations performed successively:— 

ti) As much air is allowed to rise thiough the mercury as would, 
at atmosphenc pressure, occupy z inches of the tube. 
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(11) A tod of lion whose volume equals that of j inches of the 
tube, is allowed to float at the top of the mercury column. 

(Sp. gr. of mercury i j • 5 and that of iron 7 • 5.) [I. C. S ., 1937] 

44. A piston of weight w tests in a vertical cylinder of transverse 
section k, being supported by a depth a of air. The piston rod re¬ 
ceives a vertical blow P, which forces the piston down through a dis¬ 
tance b; prove that (w + \lk){b + a log (1 — h/a )} + gP*jzw—o, 
II being the atmospheric pressure. 

45. On the assumption that the temperature of the atmosphere 
is constant and equal to 0°C., prove that if the barometer readings 
at two stations are b and If inches, the height of the second station 
above the first is [50/(21 log 10 e)] log 10 (bjb r ) feet, where a is the sp. 
gr. of mercury at o °C., and s that of air at o °C., when the barometer 
stands at 30 inches. 

46. A thin heavy cylinder, hollow and open at the lower end is 
found when depressed from the atmosphere successively into three 
liquids, to remain at rest when its higher end is at respective depths 
b, If, If ' below the surfaces. If s, s', s" be their specific gravities, 
prove that, the weight of the air contained in the cylinder being 
neglected in comparison with that of the cylinder, 

s(s' - s")b + s'(s" - s)h’ + s"(s - s^h" = o. 

[M. T.) 

47. A cylindrical diving bell fully immersed, is in equilibrium 
without a chain. Show that if the exterior atmospheric pressure in¬ 
creases slightly, the ratio of the distance moved through by the bell, 
to that moved through by the surface of water in the bell when held 
fixed, is Hh + x® : x* app., where H is the height of the water baro¬ 
meter, h the height of the bell, and x the height of that part of it 
which is filled with air. 

48. A cylindrical diving bell of height b, is immersed in water 
with its highest point at a depth a below the surface; if the barometer 
rises so that the increase of the pressure on its top is P, show that 
the alteration in the tension of the chain is approximately 

£[ x _ a + h 1 

V(* + W + 4bh\* 

where b is the height of the water barometer. 

49. If a diving bell in the shape of an inverted cone, of height 
a, be lowered till its vertex is at a depth d, prove that the height x 
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of the part of the bell occupied by the air is given by the equation 
x 4 + x\b + d) — a*b, where h is the height of the water barometer. 

If the temperature of the air inside be now raised from T° to 
(T + 0 > P rove that the tension of the supporting chain is diminish¬ 
ed by 

3 at b W 
ib -f- ja -J 4*’ 

where IF is the weight of the water the cone would contain, and 
a the coefficient of expansion, tl e squ°ies of a being neglected. 

50 A body floats in watei, the volume of the pan not immersed 
bemg cA. A cylindrical diving bell of height b and cross-section 
A is placed over it and then lowei ed till the top of the bell is at a dis¬ 
tance a below the surface ot the water I he \ olumc of the floating 
body which is now not immersed is (c | yo' 4 , show that y is the 
positive root of the equation 

by 3 -f- c(h — a — c)y — c\a -f b) — o, 
where b is the height of the water barometei nd o is the sp. gr. 
of the air, a being small. [M. T.] 

51. Piove tVat if the piston of Hawksbce’s ?n pump cannot tia- 
verse the whole length of re cylinder, the densitt in the teceivcr after 
» strokes will be 

1 t r! b)’H 

of the density of the atmospheie, opposing A to denote the volume 
of the 1 eceiver, B that of the cylmdci, and C that of the part traversed 
by the piston. [M. T .; Patna, 1941] 

52. Show that if the piston valve of a condenser does not open 
until the pressure on the outside exceeds that on the inside by k 
times the atmospheric pressuie, the number of strokes which can be 
made before the valve ceases to act is the greatest integer in 

where C is the volume of the receiver, A that of the portion of 
the cylinder traversed by the piston and B that of the portion not 
traversed by it. 
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DETERMINATION OF SPECIFIC GRAVITY 

i 

A*i. General Considerations. In 1*4 the specific 
gravity of a substance was defined to be the ratio of the 
weight of any volume of that substance to the weight of an 
equal volume of some standard substance, usually water. 
In order to determine the specific gravity of a given subs¬ 
tance we have, therefore, to find the weights of equal 
volumes of the substance and water. Various methods 
have been devised for this purpose; in quite a number of 
them the Principle of Archimedes is made use of. For, if 
IF represents the real weight of a body, that is, its weight 
in vacuum, and IF' its apparent weight in water, 
(IF — IF') is the weight of the water equal in volume 
to that of the body by Archimedes’ Principle, and hence 
the sp. gr. of the substance will be given by IF/(IF — IF'). 

The various methods employed for the determination 
of specific gravities of substances are described in detail 
in books on Practical Physics to which reference may be 
made, if required. Here we shall briefly explain the 
principles and methods used in finding the specific gra¬ 
vity by means of the following appliances:— 

(1) The Specific Gravity Bottle, 

(2) The Hydrostatic Balance, and 
(j) Hydrometers. 

Instead of the weight of the body in vacuum, we generally use 
its weight taken in air, the difference being immaterial for bodies 
of small magnitude. But in order to obtain a more accurate re¬ 
sult, correction for atmospheric effect must be applied. When a 
solid is weighed in water, there may arise some discrepancy on 
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account of the weight of the wire or thread by which it is supported, 
the capillary force and the dissolved air contained in the water. For 
extreme accuracy the effect of all these should be taken into 
account. 


A*2. The Specific Gravity Bottle. This is a glass 
bottle made to hold a fixed volume of liquid. The neck of 
the bottle is provided with a finely-fitdng ground glass 
stopper which, when pushed in, always occupies the same 
position. The stopper has a perforation running along 
its axis. When the bottle is filled with the liquid to the 
top of the neck and the stopper pushed in, the surplus 
liquid escapes through the perforation, leaving the bottle 
completely filled. 

The specific gravity botde may be employed for find¬ 
ing the specific gravity of a liquid or of 
a solid which is either in the form of a 
powder or in small ^agments. 

(I) To determine the specific gravity of a 
given liquid. 

Let the bottle be weighed, firstly when 
empty, secondly when filled with water, 
and thirdly when filled with the given 
liquid; let these weights be W v W 2 and W 2 
respectively. 

We have then 

the wt. of water filling the botde —W % — W v 
the wt. of the liquid filling the bottle = W z — W v 

Hence, the sp. gr. of the given liquid 



_ r, - 

- r a - w 1 . 

(II) To determine the specific gravity of a solid. 
After taking the experimental readings, let 


(*> 


W, = wt. of the solid. 
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W 2 = wt. of the bottle when full of water, 

W 3 — wt. of the bottle when it contains the solid 
and is filled up with water. 

Then we get 

W z — W 2 = wt. of the solid — wt. of water dis¬ 
placed by the solid, 
wt. of water displaced by the solid 

= - w a 4- r 2 . 

Hence, the sp. gr. of the solid 

W x , \ 

“ W x + W 2 - W 2 • • • • w 

It must be noted that this method is applicable to only those 
solid substances which are insoluble in water. Moreover, the 
solid should be such as not to produce chemical changes nor float 
in water. For the case of a body, soluble m water, another liquid 
in which it is insoluble, should be used. By knowing the sp. gr 
of this new liquid [Vide I], the sp. gr. of the solid can be easily 
calculated. 

A‘3. The Hydrostatic Balance. This is an or¬ 
dinary balance adapted to 
weighing bodies in liquids. 

One of its scale-pans is sus¬ 
pended by shorter chains 
or wire than the other. 

Attached to the bottom of 
the pan which is suspended 
by the shorter chain, there 
is a hook from which a 
body, while immersed in a 
liquid, may be suspended 
by a string or wire. 

By means of a hydrostatic balance the sp. gr. of solids 
as well as liquids can be determined. 
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(I) To determine the specific gravity of a solid heavier than 
water. 

Let 

W — wt. of the solid, 

W* = apparent wt. of the solid, when weighed 
in water. 

Since the weight of the water displaced by the solid 
is W — W' , the sp. gr. of the solid 

r 

~ ]}/ — W' ■ * • • • w 

(H) To determine the specific gravity of a solid lighter than 
water. 

In this case the solid will not sink in water by itself; 
it must be attached to another heavy body, called a sinker , 
so that the two together may sink in water. 

Let the following be found by experimental observa¬ 
tions :— 

W 1 = wt. of the solid, 

W 2 = wt. of the sinker in water, 

IFg = wt. in water of the solid and sinker to¬ 
gether. 

Now 

IFg = wt. of the sinker in water + wt. of the 
solid — wt. of water displaced by the solid 
+ W x — wt. of water displaced by the 
solid. 


/. wt. of water displaced by the solid 

==ra+ r 1 - ir 3 . 

Hence, the sp. gr. of the solid 

-ri + r 2 -nv ' ' * w 

(HI) To determine the specific gravity of a given liquid. 
Take a piece of solid which will sink both in the 
given liquid and in water. 
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Let 


W x = wt. of the solid, 

W 2 = wt. of the solid in water, 

W z = wt. of the solid in the given liquid. 

Now 

W x — lF a = wt. of water displaced by the solid, 

W x — W z = wt. of given liquid displaced by the solid. 
Hence, the sp. gr. of the given liquid 


W x -W t 



■ ( 3 ) 


A’4. Hydrometers. A hydrometer* consists essen¬ 
tially of a bulb and a uniform stem. The bulb is 
loaded at one end, so the hydrometer floats in liquids in a 
vertical position. Hydrometers arc of very different forms, 
and may be used for finding the specific gravity of liquids 
or of solids. We shall describe here the two principal 
varieties, viz., the Common Hydrometer and Nicholson’s 
Hydrometer. 

A'4i. Common Hydrometer. This hydrometer, 
generally made of glass, consists 
of a uniform straight stem ending 
in a bulb B ; below B is another 
small bulb C loaded usually with 
mercury so that the instrument 
may float with the stem vertical. 

It is used to find the specific 
gravity of a liquid. 

To determine the specific gravity 
of a given liquid. 

Suppose the hydrometer sinks 
up to the marks D and E when immersed in water and in the 



* This instrument is said to have been invented by Hypatia, the 
daughter of Theon Alexandrinus, who flourished about the end of 
the fourth century. 
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given liquid respectively. Let V be the volume of the 
instrument and a the cross-sectional area of the stem. 
Then the volumes of water and the given liquid displaced 
by the hydrometer are (V — o . AD) and (V — a . AE) 
respectively. 

Since in each case the weight of the displaced 
liquid is equal to the weight of the hydrometer, we have 
(V-a.AE).s= V — a. AD, 
where s is the sp. gr. of die given liquid. 


- v ^ a -AP 

S ~V- a .AE 


. . (i) 


The weight of the liquid displaced, being equal to that 
of the instrument, is always the same; for this reason a 
common hydrometer is sometimes called the constant 
weight bydr ometer. 


A'4i. Graduation of the Common Hydrometer. 

For ready use the stem of a common hydrometer is gradu¬ 


ated with markings to indicate the sp. gravities of 
liquids in which the instrument would sink up to 
those markings. 

To explain the principle of graduation, suppose 
the stem prolonged to 0, so that the volume of OA 
is equal to that of the hydrometer, that is 
V=a.0A. 

From (i) of A* 4 i, the sp. gr. / of the liquid in 
which the hydrometer sinks up to the mark E is 
given by 

V — a. AD __ a.AO — a. AD 
S “ V — a.AE ~ a 7A0~-Da. AE 
_0D 
~~0E ’ 

Hence, if D be the point up to which the 
hydrometer sinks in water, so that OD is a constant 
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for the instrument, the graduation E corresponding to 
the sp. gr. s of the liquid is given by 



■ 00 


It follows from above that if the values of the sp. gr. s 
vary in Arithmetical Progression, the corresponding distances 
OE of the graduation points would be in Harmonical Progres¬ 
sion; conversely, if the distances OE are in A.P., the corres¬ 
ponding sp. gr. are in H. P. 


A*42. Nicholson’s Hydrometer. The instrument 
consists of a hollow cylinder A, generally made 
of brass, with a thin stem supporting a pan 
or cup B above it. Below A there is another 
cup C connected with A by a wire and loaded 
sufficiently so that the instrument may float with 
its stem vertical. 

This hydrometer is used for finding the 
specific gravity of solids as well as of liquids. 

It may also be used for weighing small bodies 
and for comparing the specific gravities of two 
liquids. 

On the stem there is a well-defined mark D, 
and while using the hydrometer, the instrument 
is so weighted that it sinks in the liquid always exactly 
up to the mark D. Thus the amount of liquid displaced 
by the instrument is always the same, and for this 
reason this hydrometer is sometimes called the constant 
volume hydrometer. 

(I) To determine the specific gravity of a given liquid. 

Let the following experimental readings be taken:— 
W = wt. of the hydrometer, 

= weight required to be put on the pan B to 
sink the hydrometer in the given liquid up to 
the mark D, 





Nicholson’s hydrometer 


201 


A ‘53 


JFj = weight required to sink the hydrometer in 
water up to the mark D. 

Then 


W W x = wt. of the liquid displaced by the hy¬ 
drometer, 

W W 2 = wt. of water displaced by the hydro¬ 
meter. 

Hence, the sp. gr. of the liquid 

w + r 2 . w 

(II) To determine the specific gravity of a solid. 


Let 

W x — wt. required to be put on the pan B to sink 
the hyd. to £>, 

W 2 = wt. required to sink the hyd. to D, when the 
solid also is on the pan, 

W' 3 = wt. required to sink the hyd. to D, when the 
solid is placed in the cup C underneath 
water. 


Now 

wt. of the solid -j- = wt. of the solid in water -j- W a . 


W a ~ IFg = wt. of the solid—wt. of the solid 
in water 

= wt. of water displaced by the solid. 

Also 


W x — W 3 = wt. of the solid. 
Hence, the sp. gr. of the solid 
W x -W % 

~r 8 -Bv 



A’5. Specific Gravity of Gases. In determining 
the specific gravity of gases, air at o °C. and at or din ary 
atmospheric pressure is taken as the standard subs¬ 
tance. The process is attended with so many practical 
difficulties that many precautions are needed in order 
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to obtain accurate results. This subject is properly treated 
in books on Heat to which reference may be made, if 
required. 

A*6. Illustrative Examples, (i) A common hydrometer is placed 
successively in three kinds of liquids. It floats with z inches of its stem out 
of the first liquid, with 4 inches out of the second , and 5 inches out of the 
third', the sp. gr. of the first and second liquids being o-6 and 0-8 
respectively, find the sp. gr. of the third liquid. 

Let V be the total volume of the hydrometer in cubic inches 
and K sq. inch the cross-sectional area of its stem. Then the vo¬ 
lumes of the three liquids displaced are V— zK, V—4K and K—5 K 
respectively. 

If W denotes the weight of the hydrometer, w that of a cubic 
inch of water and x the sp. gr. of the third liquid, then we have 
(V~ zK)xo'6w—(V— 4K)xo-8w=(V— fK)xxw. . (1) 

From the first two of (1), we get 

6V - iaK= iV~ } zK, 

V^ioK. .(2) 

6V — izK = Toxic'— 50 xK, 

V(6 — iox) = K(iz — 5 ox), 
ioK(6 — iox) = K(iz — 50X), 

50X = 48, 
x — 24/25 = 0*96. 

(ii) The weight of a Nicholsons hydrometer is 7 os's. When it is 
placed in a liquid, a weight of 3 osy. is needed to be put on the pan to make 
it sink to the fixed mark, while a weight of 4 ooy. is required to make'it sink 
to the same mark in another liquid. Compare the specific gravities of 
the two liquids. 

Let V be the volume of the hydrometer excluding the portion 
above the fixed mark. If r l5 s 2 be the sp. gr. of the two liquids, 
then we have 

(7 + 3) 02s. = Vs l , 
and (7 + 4) 02s. = Vs r 


or 

Again 

or 

or 

or 

or 


Hence 


r x : == 10: xi. 
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Examples A 

1. The whole volume of a common hydrometer is 15 c. cm. and 

its stem is 3 mm. in diameter. The hydrometer floats in a liquid 
A with 3 cm. of the stem above the suiface, and m another liquid 
B with 6 cm. above the surface. Compare the densities of the 
liquids. [ Madras , 1936] 

2. A Nicholson’s hydrometei, of -weight 4! 02s. requites 
weights of 2 o7s. and 2§ 02s. respectively to sink to the fixed maik 
in two different liquids. Compare the specific gravities of the two 
liquids. 

3. Apiece of metal which weighs 15 02s. in water is attached 
to a piece of wood which weighs 20 02s. in -vacuum, and the two to¬ 
gether weigh 10 02s. in watei Find the sp gr of the wood 

[Calcutta, 1913] 

4. A specific gravity bottle, full of water, weighs 44 gr. and 
when some pieces of iron, weighing 10 gr. in air, are introduced 
into the bottle and the bottle is again filled up with water, the com¬ 
bined weight is 52 7 gr. Find the sp. gr. of non. 

5. The effect of air being neglected, the sp. gi. of a solid 
body is found by a specific giawty bottle to be a, if a be the 
sp. gr. of air, show that the real specific gravity of the body is 
a — a (a — 1). 

6. A solid is placed in the uppei cup of a Nicholson’s hydro¬ 
meter and it is then found that 5 o/s are lequned to sink the instru¬ 
ment to the fixed point. When the solid is placed in the lower cup, 
7 02s. are required; and when the solid is taken away altogether, 10 
02s. are required What is the specific gravity of the solid > 

[Calcutta, 1915] 

7. A common hydrometer has a small portion of its bulb rubbed 
off from frequent use. In consequence when placed in the water it 
appears to indicate the specific gravity of water as 1-002, find what 
fraction of its weight has been lost 

8. A hydrometer indicates graduations a, b, c, in liquids whose 

densities are Q v Q 2 , Q 3 , respectively. Show that 

. b — c c — a , a — b r „ , 

• — + — + — = 0 [Patna, 1933] 

6i Pa 

9. A common hydrometer sinks to the points A, B, C in 
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liquids whose densities are (h, Q a , q 3 respectively. If AB = a, 
BC = b, and AC = a + b, prove that 


* I a = a + b , 

Qi Ps 62 


[Bombay, 1937] 


10. The specific gravity of a body found by Nicholson’s hy¬ 
drometer is a when the effect of the air is neglected; prove that 
the real specific giavity is a — a (a — 1), where a is the sp. gr. of 
the air. Also if W be the apparent weight of the body as found 


from the experiment, find its real weight. 


11. A common hydrometer whose volume is V and the cross- 
section of whose stem is Vjc, has lengths a and b of its stem uncovered 
when floating in one or the othei of two liquids. In a mixture 
of weights of the two liquids in the proportion m : 1, x is uncovered, 
and in a mixtuie of volumes in the propoition m • i<,j is uncovered 


Prove that (x - j)(c — j) (a —j){b — j) 


12. A common hydrometer is used to determine the sp. gr. ot 
a liquid which is at a temperature higher than that of watei 
When the hydrometer is transferred fiom water to the liquid the spe¬ 
cific gravity appears at first to be a, but afterwards to be o'. Show that 
the true sp. gr. at the temperature of the water i. a , (a'ja)(a' — 0), 
where a and o' are the coefficients of expansion of the hydiomcter 
and the fluid respectively [Benares, 1937] 
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METACENTRE AND STABILITY OF 
FLOATING BODIES 

B*i. Stable and Unstable Equilibrium. If a 

body, which is in equilibrium under certain forces, be 
slightly displaced from its position of equilibrium, it 
may be that the forces acting on it tend to restore it to its 
original position, or it may be that they tend to take it 
farther away from the original position. In the first case 
the body is said to be in stable equilibrium , while if second 
be the case, it is in unstable equilibrium. 

There is another case which arises when the body is 
in equilibrium in the displaced position as well, i.e., it 
remains in equilibrium in any position; then the body 
is said to be in neutral equilibrium. 

When a body floats in water, or in any other liquid, 
we have seen in yz that 

(i) the weight of the 
body is equal to the weight 
of the liquid displaced, and 

(ii) the centre of gra¬ 
vity G of the body and the 
centre of buoyancy H are 
in the same vertical line. 

A small displacement given to this body may be re¬ 
solved into simpler displacements of translation and rota¬ 
tion 

Firstly, a small horizontal displacement without rotation 
obviously does not affect the equilibrium in any way, for 
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there is no resultant horizontal force on the body. For 
such displacements, therefore, the equilibrium is neutral. 

Secondly, a small vertical displacement downwards in¬ 
creases the force of buoyancy which tends to restore the 
body to its former position, and a small upward vertical 
displacement decreases buoyancy which again tends to 
bring the body back to its original position. For such 
displacements, therefore, the body is in stable equilibrium. 

Lastly remains to be considered the case when the 
body is given a small rotational displacement which changes 
the shape and not the mass of the displaced liquid. In 
what follows we proceed to consider this case. 

B* 2 . Metacentre. Let W be the weight of a floating 
body, G its centre of gravity and H the centre of buoyancy. 
Suppose the body undergoes a small rotational displace¬ 
ment about a horizontal axis and suppose that this ro¬ 
tation does not alter the mass of the liquid displaced. 
Let H' be the centre of buoyancy in the displaced position. 
Since the mass of the liquid displaced remains unaltered, 
the force of buoyancy is the same as before, namely, equal 
to the weight of the body. 



The forces acting on the body in the displaced position 
are (i) the weight, W, of the body acting vertically down¬ 
wards through G and (ii) the force of buoyancy, W, 
acting vertically upwards through H'. 
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The vertical through H' ■will intersect HG if the dis¬ 
placement takes place in a plane of symmetry of the 
body. Supposing such to be the case, let the vertical 
through H* meet HG in M. 

In Fig. (i) : M is above G, and evidently the two forces 
forming a couple, tend to bring the body back to its 
original position. The equilibrium in this case is there¬ 
fore stable. 

In Fig. (2), M is below G, and the forces forming the 
couple tend to make the body recede further away from 
its original position. The equilibrium in this case is 
therefore unstable. 

The point M is called the metacentre and GM the 
metacentric height of the floating body correspond¬ 
ing to the particular displacement made. 

We conclude from above that a floating body is m 
stable or unstable equilibrium according as the metacentre is 
above or below the centre of gravity of the body. 

If the metacentre coincides with the centre of gravity, 
the equilibrium is neutral. 

To express concisely, 

stable 1 >| 

the equilibrium is neutral > according as HM = / HG. 

unstable J < J 

B-2i. Definitions. If a body be floating partially 
immersed in a liquid in any position, the section of the 
body made by the plane of the surface of the liquid is 
termed the corresponding Plane of Floatation. 

If a body floating in a homogeneous liquid be suppos¬ 
ed to take in turn every possible position for which the 
volume of the liquid displaced remains constant, the locus 
of the centre of buoyancy is called the Surface of 
Buoyancy. 
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B’3- Determination of the Metacentre. The 
position of the metacentre depends in any case on the sur¬ 
face in contact with the liquid, i.e., on the shape .of the 
body itself. Its formal determination involves certain 
ideas which are beyond the scope of this book. It may, 
however, be assumed at this stage without proof that 
the distance between the centre of buoyancy H in the position of 
equilibrium and the metacentre M of the body is given by the 
formula 

HM = 

where k is the radius of gyration* of the area A of the sec¬ 
tion in the planfof floatation , and V is the volume immersed. 

In some simple cases, however, metacentre can be 
found more easily. Thus for a spherical surface in con¬ 
tact with the liquid, the metacentre is always the centre 
of the sphere of which the surface is a part, because the force 
of buoyancy for such a surface always passes through 
this centre. In the same way, if the immersed surface is 
the curved surface of a circular cylinder whose axis is hori¬ 
zontal, the metacentre will lie on the axis of the cylinder, 
for the thrust on each element of the surface intersects the 
axis. 

B‘4- Illustrative Examples, (i) A solid and homogeneous body 
consists of a cylinder joined to a hemisphere on the same base and floats 

* The radius of gyration of an area is defined in terms of its 
moment of inertia about a given axis of rotation. If x be the distance 
from the axis of rotation of an element dA of the area A, the mo¬ 
ment of inertia is 

f A dA, 

JlA) 

where the integration extends over the whole area. If the value 
of the moment of inertia be denoted by Ak a , then k is called the 
radius of gyration. 

The value of k in simple cases of common occurrence is given 
in the Appendix C. 
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with the hemispherical portion partly immersed in water. Find the greatest 
height of the cylinder consistent with stability. [Nagpw , 1939] 

Let a be the radius of the 
hemisphere whose centre is 0, 
and let h be the height of the 
cylinder. Is 

The weight of the hemisphei e ^ 

is gjta 8 ?^ acting through L, wbetc 
OL=3«/8, and q is the density O 

of the body. Also the weight of —A r ~ 

the cylindrical part is j laViQg and ~ J yyL 

acts through K, where OK — hji. - 

Therefore the height of the centre _ f_z~S-Sz 

of gravity G of the body above 1 he 
lowest point A is 

wf) 4- it aVtQgja + biz) 

AC - -f rt a*i>Qg 

5 a 2 14 i *b(a -I hjz) 

2a 3/1 

Now the metacentre is at the centre 0 of the spherical part, its 
height OA being a. 

Hence for stability, wc must have 

AG^AO, 

or 5 o 2 / 4 + jh(o ! h\ z) < o(za + 3 6), 

or 3 h 2 2 4 3 " 2 / 4 » 

or b< \J 2a l z ' 

(ii) Discuss the Stability of a uniform right circular cylinder of length 

h, radius a, and density Q, which floats —-—^ 

in a liquid of density ff, with its a\is S' , 

(/) vertical, ( ii ) horizontal. —-—*——^ 

(/) When the axis is vertical, let 

a length 1 / of the axis be immersed. - _' 1 -—— 

Then _ ~1 - ' -f 

at/ = Qh .h) „ "J r-__Z 

Let 0 be the centre of the base, „ __■£ | ~JL~. 

H the centre of buoyancy, G the £__ ' I 

cenfte of gravity and M the ~ 

metacentre. 

Then OH = W> OG - \L 


14 
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The surface section is a circle of radius a, so that k = ajz. Hence 
Ak 2 = 3 W a .a */4 = 

Also the volume immersed V = TiePif. 

HM = Ak 2 /V — £ a*/IP. 

For stability, we must have 

OM > OG, 

or OH + HM > OG, 

i.e. bb' + \a 2 jb' > lb, 

or a 2 > zlf(b - if), 

or a® > 2 (Qbja)(b — q/jj a), from (i), 

or a 2 /b 2 > 2Q( i — e/o)/o, 

which is the required condition. 

(») When the axis is horizontal, the equilibrium is neutral for 
tolling displacements. The metacentre 
Af x in this case lies on the axis. 

The section by the water surface is 
a rectangle, one of whose sides is h and 
the other is AB equal to b, say. If 
2a be the angle subtended by the 
side b at the centre O of one end-face, 
then 

sin a = bjza. .( x) 

Also the area of the segment ACB immersed in the liquid is 
<2®(a — sin a cos a). 

«*(a — sin a cos a)ba = na 2 bq, 

or — sin a cos a) = jq>, .... (2) 

which determines a, and (1) then gives b. 

The moment of inertia Ak 2 in tilting displacement will be greater 
than in tolling if b > b. If this condition be satisfied, the metacentre 
will be higher than M l3 and the equilibrium will be stable. 
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Examples B 

1. A solid cylinder floats in a liquid with its axis verti cal . If 
the ratio of the sp. gr. of the cylinder to that of the fluid be or, prove 
that the equilibrium is stable if the ratio of the radius of the base 
to the height be greater than V2<t(i — c). 

2. Show that in the case of a right circular cylinder of radius a 
and height b, floating with its axis vertical in any liquid, the equili¬ 
brium will be stable whatever be the sp. gr., if yjia > b. 

{Nagpur, 1942, 1943] 
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3. A solid body consists of a right cone joined to a hemisphere 
on the same base and floats with the spherical portion partly im¬ 
mersed. Prove that the greatest height of the cone consistent with 
stability is y/ } times the radius of the base._ [Benares, 1943] 

4* A right prism whose base is an equilateral triangle, floats in 
water with the lateral edges horizontal and one of them below 
the surface. Show that the equilibi ium is stable for all displacements 
into which the lateral edges remain horizontal, if it be given that 
the sp. gr. of the prism > 9/16. [Benares, 1940] 

}. A solid cone, of semi-vertical angle a, height h and sp. gr. 
<x, floats in equilibrium in a liquid of sp. gr. q, with its axis verti¬ 
cal. Determine the condition for which the equilibrium is stable. 

[Nagpur, 1941] 

6. A uniform right circular cone of semi-vertical angle 30°, 

is floating with its axis vertical and vertex downwards in a liquid whose 
density is 3/2 its own. Determine whether the equilibrium is stable 
or unstable. [Nagpur, 1932] 

7. A thin uniform lamina whose shape is that of an isosceles 
triangle, floats in water with its plane vertical and the base horizontal 
and above the surface. Show that the equilibrium is stable, if 

a > cos 4 a, 

where a is the sp. gr. of the lamina and 2a theverrical angle. 

8. Show that when a uniform hemisphere of density p and 
radius a floats with its plane base immersed in a homogeneous liquid 
of density a, the equilibrium is stable and the metacentric height 

is |«(o-g)/e- [M.I] 

9. If a segment of a sphere of density 0 floats in a liquid of 
density p, prove that the position in which the plane face is immersed 
and horizontal, is a position of stable equilibrium and that the meta¬ 
centric height is (p — a)/a times the distance of the centre of gravity 
of the segment from the centre of the sphere. 

10. Prove that a circular cylinder of radius a and length djn 
cannot float upright in water in stable equilibrium if its sp. gr. lies 
between 

£[1 — Vi — a« z ] and £[1 + \A — *»*]• 

What will happen if 2»® > 1 ? 

11. Show that a homogeneous right circular cone of vertical 
angle 2a cann ot float in stability with the axis vertical and vertex up¬ 
wards, unless its density as compared with that of the liquid, is less 
than 1 — cos*a. 
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xz. The paraboloid of revolution, x 3 +J a — ze Z> floats with its 
axis vertical and vertex downwards. Show that the distance between 
the centre of buoyancy and the metacentre is independent of the 
length of the axis immersed. 

ij. A cylindrical cup is formed of thin sheet metal, the height 
being twice the diameter ; the surface density of the plane bottom is 
n times that of the curved surface, and the weight of the cup is half 
that of the water which would fill it. Show that the cup will float 
in stable equilibrium with its geneiator vertical, if »> 56/9. [M. T.] 
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SOME USEFUL GEOMETRICAL RESULTS 

Circle. If r be the radius of the circle, 
the circumference - 2Jtr, and its area = TCI 2 . v 

Cylinder. The area of the curved surface of a cylinder of 
height h and base radius r, — 2Jtrh, and its volume - 3tr 2 h. 

Sphere. For a sphere of radius r, 
the area of the surface = 4Jtr 2 , 
and its volume — £ itr*. 

The area of the zone of a sphete (i.e, of the surface of 
the sphere intercepted between two paialld planes) 

= circumference of the sphere X perpendicular distance 
between the planes 

= 2Jtrd. 

The volume of the portion of a sphere of radius r included 
between two parallel planes at distances ^ and d a from the centre 
=i «( d 2 - djHtr 2 - (dj s + d x d g + d 2 2 )). 

Cone. The area of the curv ed surface of a cone of height b, 
semi-vertical angle a and base radius r 

=■= £ slant side x perimeter of the base 
= nrv/b 2 + r 2 = »h 2 . tan a sec a. 

Its t olume = £ Height x Area of the base 
= £ Jtr*h. 

The volume of a frustum of a cone 
= jAd(ti 2 + r x r s + r a 2 ), 

where r v r t are the radii of its circular ends, and d is the perpendi¬ 
cular distance between them. 

Paraboloid of revolution. This is a solid formed by revolv¬ 
ing a parabola about its axis. 

The volume of a portion of it cut off by a plane perpendicular to 
its axis 

= half the volume of the cylinder on the same plane 
base and of the same height 

= £ area of its plane base x its height. 
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Centre of Gravity. 

(1) The C. G. of a circular arc of radius r subtending an angle 
2a at the centre is a point on the bisector of the angle 2a, whose 
distance from the centre 

sin a 

= r . -. 

a 

For a senu-circle (i.e., when a = 11/2), this distance of the C. G. 
= ar/ir. 

(2) The C. G. of a sector of a circle of radius r subtending 
an angle 2a at the centre is a point on the bisector of the angle 2a, 
whose distance from the centre 

. sin a 
= <| r. —. 
a 

For a semi-circle, this distance of the C. G. 

3 Jt‘ 

(3) The C G. of a hemisphere of radius r, is a point on the 
radius normal to the base, whose distance from the centre = gr. 

For the cursed surface of thehemispheie, this distance of the 
C. G. from the centre =- Jr. 

(4) The C G. of a right circular cone of height h, is a point on 
the axis whose distance fiom the vertex — gh. 

For the curved surface of the cone, the distance of the C. G. 
from the vertex - fjh. 

The distance fiom the axis of the C G. of the half-cone 

— r /«. 

(5) The C. G of a semi-ellipse bounded by the major axis is a 
point on the minor axis whose distance from the centre 

-= 4 b/ 3 Jt, 

where b is the length of the sum-minor axis. 

Radius of Gyration. The value of k 2 , wheie k is the radius 
of gyration in the expression for moment of inertia , viz., AJ&, is given 
below for some simple cases. 

(x) For a thin rod of length / about an axis through the middle 
point perpendicular to the rod, 

k a = l*/i2. 

(2) For a rectangular lamina, whose sides are a and b, about a 
straight line through its centre parallel to the side b, 

k a = a 2 /12. 
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(3) For a circular area of radius a , about a diameter, 

k 2 — a 2 / 4 . 

(4) For an elliptic area whose semi-axes are a and b, 

k 2 = *z 2 /4 about the axis zb, and 
k 2 = b 2 j4 about the axis za. 

(j) For a triangular aiea ABC about a sti light lixie through A 
in the plane of the area, 

k 2 - i (P 1 t Py 1 v 2 ), 

where /3 and y are the distances of B and C fiom the axis of rotation. 



ANSWERS TO THE EXAMPLES 


Examples I (Pages 16-17) 


I. 

156-25 k. gi. 

2. 

41 § lbs. wt. 3. 180 lbs. wt. 

4. 

560 lbs. wt. 

5 - 

1:7. 7. 6 -48 cu. ft. 

8. 

16-383 nearly. 

9 - 

147:250. IO. (W+»V)/(T 

11. 

1. 

12. 

6, 2. 



Examples II (Pages 29-31) 

1. 

3644 meties. 

2. 

15-36 lbs., 23-68 lbs. 

3 - 

46 08 ft. 

4 - 

69-12 ft. 5. 98 ft. 

9 - 

1443-6, 106-13 

;. 10. 

J«(«+ i)s,Qb, whcic b is the thickness of 

ia. 

29-92 inches. 


each stratum. 


Examples III (Pages 40-44) 


1. 

22500 lbs. wt 

2. 

5373 ‘4375 lbs. wt. 

3 - 

127-12 tons wt. 

4 - 

100195 3J lbs. wt. 

5 - 

1875 lbs. wt. 

6. 

531-25 lbs. wt. 

7 * 

35-148 lbs. wt. 

8. 

lb • wt. 

9 - 

jj bicP—tf^TV. 

10. 

14000 ’Os. wt., 4\/z ft. 

11. 

11-48 ozs. 

12. 

1 : <2—1. 

* 3 - 

The line divides a side in tf e ratio 

i-i 

1 

N 

> 

14. 

CE—(3/4). AB. 



r 5 - 

A E is the line, where E lies m CD such that CE=CD/ 4. 

16. 

V2+1:1. 17. 9 ft. 


21. 4(i+\/io)/3 inches. 

22. 

{i/(i+e)X(2«- ^+^(i+q)( 

2 a — 

/i)>w-(2«z-A)/(i+ e ). 


24. The depths of the successive dividing lines are b\/\,n, 
b being the ht. of the parallelogram. 

*5. Divide the horizontal diameteis into n equal parts; the ordi¬ 
nates at these points will divide the arc of the semi-circle 
in the required points. 

a6. 2IF'/x/j, fF/V3» where W is the wt. of water in the cube. 

*7. i8 r $ y . 30. 4rtr s #'/j. 

31. The plane cuts off ^1/2 of the axis. 34. 5041 § lbs. wt. 
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Examples IV (Pages 53-54) 

1. 250JIB'. 

4. hr 2 ^! Jl/6)», ^r 2 (i+ot/6)»', h and r being ht. and radius of the 
cone> 5* inb(a 2 ~bab— zb*)w, 28^ lbs. wt. 

6 . hr a (^.-\-nli)w,b( t nr i li-ir !i +zrd)w. 8. 250JW/3. 

Examples V (Pages 61-63) 

2. t^hw, Jitr a »(r-r4r/331), r ,rd h being the tadius and ht. of the 

cone. 

3. 2r 3 bw, r and h being J c b e 1 ->chus md ht of the cylinder. 

4. o'Ar\/(/i 2 +x 2 r‘-/4), un -1 (it/ fib) \uih the hotizontal. 

5. £»r 2 A\/(x 2 +16), tan -1 (Tt ; 4) with the horizontal. 

7 . '$tPw. 

9. 5 jx aV/6 acting at an «nglc tan - V3 /4) to the veitical. 
xi. J«A»'\/(n a « 2 4 4^;, a tnd A Letng thciuhus and ht. of the cone. 

15. 120°. 

Examples VI (Pages 68-70) 

1. tan _1 (i/3) with the hot 1? mt.l, 17S 88 tv roams. 

3. TUPwjy/z, it a\h-\-a)n -\/z, a nd h bctii^ the base radius and 
ht. of the cylinder. 

4. £ifciVy/(*3 —12 cos 0), + u tos 0) through the centre, 

0 being the inclination ox the ill im. plane to the horizontal. 

5. zcftvfo. 

Examples VII (Pages 83-85) 

2. 38o87‘5 lbs., 6’4ft. 3 - 9gtammej. 

6. z{t^—lf s )j{a l —b 1 ). 8. Divides the tnaeonal in the ratio 7 : 5. 

Examples VIII (Pages 89-90) 

1. Depth of C P. is nb/S, where b is the depth of the base. 

2. i (bH)j(zh-h}H), wheie h 1 the ht. ot the triangle. 

6 . My /5 — 1) is the depth ol the line. 

Examples IX (Pages 106-109) 

j« jna 2 »'/4. 9. 3X0/16 below r he centre. 

10. a 3 /(4b) below the centre, a being the semi-major axis, 
xi. i6<* 1/a /& 6/a »', 4 ^/ 7 - I2 - 3 z /( I 5 7t )- 
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15. z6\J}a/4% a being a side. 19. 9fltf/i6(jjc+i). 

22. x=4a/j,J=i6a/}}. 

aj. x=3«/28,j=5a/i4, x-axis being in the surface. 


Examples X (Pages 115—117) 


X. 

19/23. 

2. 

55 / 5 M- 

3. 2/3, 36 c.cm. 

4 - 

89*8 ft. 

5 * 

0 ■ 48 cu. in. 

6. 2 ■ 34 cm., 2‘66 cm. 

7 - 

08. 

8 . 

93-75 cm. 



10. Jth of the cylinder is in the upper liquid. 

13. (i) A'=(o/q) 1/s b, (11) h'— [1— (1 — alQ) 1 / 3 ]b, where h is the 
ht. of the cone, V the ht. immersed and Q the sp. gr. of ti'e liquid. 

14. ^Ii/a. 16. 104/209 cu. tt. 

18. 540#', 900 cu. in. 19. 6500 tons. 

22. 3/10 and 13/16 of its. vol. 23. 26 x io - 8 of its vol. 

24. h/4—a/z, bjz—a. 

Examples XI (Pages 120—122) 

1. 387:466. 2. 1862-45:1869. 

8 . 1 c. c., 21 * 6 gr. pei c. c. 4. 23 : 37. 

5. 0-6,3. 13. 31% b\ volume. 

Examples XII (Pages 125—127) 

2 . zgjiy 3. g/14. 6. 2 ft., 30°. 

8 . tan -1 (3/8), zit^-a)^/}. 11. 27/32. 


Examples XIV (Pages 14$—147) 


X. 

26000 ft. 


3. 33443 ■ 20 metres. 

4 - 

3 ‘ 2 4 gr- 


5. 0 - 00013 cu. in. 

6. 

*lTT ft- 

8. 

3io^J| c.c. 9. 429:224. 

10. 

0-2533 gr. 

IX. 

37 xtVs ln - 12- 39 ' 4 °- 

13. 

28 ft. of water approx. 

15. r*(i + at) : r(i + at'). 

16. 

t^olHS lbs. 




17. The positive root of x 2 -\-(a+b)x—(b—a)h=o, h being the ht. 
of water barometer. 

ax. The piston divides the cylinder in the ratio 3 :1. 

a 3 . (Twwt+fv'n 



answers 


I. 

4 * 

xo. 


1. 

4 - 

5 * 

a. 


i. 

5 - 

8 . 

«. 


Examples XV (Pages 155-157) 


7 in. 

27*146 in. 
3336 ft. 


2. 50 2/3 cm. 3. j i n . 

5 - 30 '5 in. 6. 27$ in. 

12. 8100 ft. 




Examples XVI (Pages 165—168) 


*7 ft* a. 176-8 cu. ft. 3. 

1 ‘ 1 5 5 K where K is the capacity of the bell. 
100 ft., 3 x s r times the vol. of the bell. 6. 
^ 31 ft- 16. ft lemams constant. 


27*1637 ft. 


22^ cu. ft. 


Examples XVII (Pages 176—177) 

4 ft- 2. 8 • 2 ft. neaily. 4. 2 ft., 9-37 ft. 

16 ft * 6 - 8680* lbs. wt. 7. nAljB per min. 

625 a/8, 3i2 5 a/8 lbs. wt. 9 . .J ft, 5 ^ 

At the end of 5 th stroke. 


Examples XVIII (Pages 183—184) 

I. o 422 atmos. 2, 36 m. 3. 4 strokes. 

4. 9 strokes. 5. 2463/6561. 

10. 30 lbs. per sq. in., 3 3 suokes. 

xa. {(*+ + + 

Miscellaneous Examples (Pages 185—193) 

6. 9. t 28a’/5, (w - wt. of i cu. in. of water). 

13 - i&Q*\a a — 4 * + 8) 1/2 . 

* 5 - XgQfr 1 tan 2 a\/(r/9 t;;n s a), tan -1 (cot a/3) to the horizontal; 
(i) 2 cot _1 \/15, (ii) 2 cot- 1 {\J}\ h being the ht. and a the semi¬ 
vertical angle of the cone. 

16. hngQl* sin a a cos aV 1 + 3 sin 8 a . 

18. Depth of C P. is 3(a 4 — j8 4 )/5(a 3 — j? 3 ). 23. 32/1511. 

24. x = j6 fo,j = (7/3 2). (P/a)W 

25. x = 1612/1511,7 = 320/1511, x-axis being in the surface and a the 
radius. 

43. (i) The ht. of the column falls to 24 inches, (ii) falls to 23 & 
inches. 
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Examples A (Pages 203—204) 

x. 36/43. 2. 18/19. 3* °* 8 * 

4. 7^. 6. a&. 

7. (i/5oi).[o/(o — 1)], <J being the sp. gr. of the substance of the 
bulb. 

10. IF(i — a//3)[i + o/(cr — Oa)], jS being the sp. gr. of the 
“weights,” 

Examples B (Pages 210—212) 

5. «/e > coo* a. 6 . Stable. 




